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ABSTRACT 
A theory is developed which describes the behavior of a 
vapor bubble in a liquid. Its physical basis is the assumption that 
the heat transfer effects which accompany the evaporation occurring at· 
the bubble wall when the bubble grows, 0r the condensation that occurs 
there when the bubble cl'lllapses, are dynamically important. The 
basic equations of hydrodynamics are shown to reduce, for the problem 
under consideration, to a dynamic equation which describes the behavior 
of the bubble wall, and a heat convection equation for the liquid which 
is coupled to the dynamic equation by a boundary condition at the bubble 
surface. A solution for the heat problem is obtained under the assumption 
that significant temper~ture variation in the liquid occurs only in a 
thin thermal boundary layer surrounding the bubble wall. An estimate 
of the correction to the te1Jlperature solution is also derived. Once 
the temperature at the bubble wall is given, the vapor pressure within 
the bubble is known and the dynamic problem becomes determinate. 
The theory is applied to the cases of the growth of a vapor 
bubble in a superheated liquid, and the collapse of a vapor bubble in 
a liquid below its boiling temperature at the external pressure. The 
simplifying physical assumptions made in the course of the investigation 
are justified for the specific example of vapor bubble behavior in water. 
A comparison of the theory with experiment is given for the 
observable range of bubble growth in superheated water, and the 
agreement is found to be very good. 
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I. INTRODUCTION 
The term cavitation is used to describe the presence of a vapor 
phase in a region filled predominantly with liquid. The condition necessary 
for the appearance of cavitation is that locally the vapor pressure of the 
liquid must exceed the external pressure to which the liquid is subjected; 
this condition is by no means sufficient to produce cavitation, however , 
because of the presence of surfa ce stresses in the liquid. These stresses, 
attributable to the short range attraction of the liquid molecules for one 
another, tend to reduce any surfa ce element of the liquid to one having the 
least (mean) curvature consistent with the mechanical constraints imposed 
on the liquia. Thus, an otherwise unconstrained vapor cavity will be spherical. 
The resultant of the stresses on an element of surface is a force directed 
along the normal drawn from the concave side of the element. For a vapor 
cavity to grow, the vapor pressure must compensa te not only the external 
pressure on the liquid, but also the effective pressure of the surface stresses. 
Since the surface stresses increase with the curvature of the 
surface, there is a minimwn possible size for an unconstrained pure vapor 
bubble existing in the liquid, even at temperatures above the boiling point 
of the liquid at the prevailing external pressure. Smaller bubbles are 
unstable against collapse. The question there fore arises as to how a bubble 
could form initially. The problem of the nucleation of vapor bubbles has 
been extensively studied in recent years, notably by Harvey( 1) and Pease, (2 ) 
in connection with their research in animal physiology. The conclusion 
drawn from these studies is that in a moderately superheated liquid, the 
nuclei for cavitation bubbles consist of small permanent gas bubbles in the 
liquid, or gas pockets stabilized on solid particles. When these are 
removed from the liquid (by agita tion, continued boiling, or by compressing 
the liquid under pressures great enough to force the gases into solution) 
cavitation ceases, and can be reintroduced only by subjecting the liquid 
to extreme tension or high t emperature . Thus, wat er put under a pressure 
of several hundred atmospheres for a period of n few hours becomes able to 
withstand negative pressures as great as 150 atm. without rupturing,(J) and 
can be heated to 270°C before it explodes. (42 The residual nuclei, following 
degassing, are believed to consist of hydrophobic substances in the liquid 
or at its surface. (2 ) 
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The process involved in the nucleation of a bubble by a permanent 
gas can be explained by a simple model. Suppose the gas satisfies the 
perfect gas law. Then the pressure pg of the gas in the bubble is given 
in terms of the temperature T and radius R of the bubble by 
( 1 ) 
where N is a constant, proportional to the number of moles of gas in the 
bubble. The pressure ps due to surface tension is 
(2) 
~ being the surface tension constant of the liquid. If the bubble is in 
equilibrium, the vapor pressure is a function of T alone, say p (T). 
eq 
Denoting the external pressure by p , one has as the condition of 
00 
equilibrium that 
p + p (T) = p + p • g eq s w (3) 
The equilibrium will be stuble if the pressure difference pg+ peq- ps- p
00 
is a decreasing function of the bubble radius at the point of equilibrium. 
These conditions are conveniently expressed in t e rms of a function 
Thus, for a given gas content N, the equilibrium radius (or radii) 
of the bubble is given by 
and the condition for stability becomes 
where fT(R) denotes the derivative of fT( R) with respect to R. 
R 
0 
(5) 
(6) 
Below the boiling point of the liquid, p°" - peq > O, and so fT(R) 
is an increasing function of R. Thus, there is just one equilibrium radius R
0 
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of a gas nucleated bubble for a given value of T below the boiling point 
of the liquid, according to (5), and the equilibrium is stable at that 
radius by (6). Above the boiling point of the liquid, the coefficient of 
R3 in fT(R) is negative . Hence as R increases for fixed T, fT(R) 
increases, r eaches a maximum, then decreases. Accordingly, eq . (5) may 
give two equilibrium radii, the larger corresponding to unstable equilibrium, 
or one equilibrium radius which is stable against collapse but unstable for 
growth, or it may afford no equilibrium radius. Inasmuch as p (T) is 
eq 
an increasing function of T, fT(R) is a decreasing function of T for 
any fixed R, so that the curves of fT(R) on an f - R diagram form a 
nonintersecting family, except for the corrunon point at the origin , and the 
curves for large T fall below those for small T. In particular, the 
maximum of fT(R), which occurs when the liquid is heat ed above its boiling 
point at the external pressure p
00 
, decreases with an increase of T. A 
typical f - R diagram, drawn for water at 1 utm. external pressure, has been 
presented in Fig. 1 to illustrate these general r emarks. 
Consider a gas nucleated bubble which is in stable equilibrium 
in a liquid below its boiling point, and suppose the t emperature to rise 
slowly. The bubble radius will then increase steadily, with the bubble 
remaining in stable equilibrium as the temperature increases past the boiling 
point, until there is finally reached u criticul temperature, and a 
corresponding critical radius, above which the bubble cannot exist in stable 
equilibrium. A further increase in t emperature releases the bubble for 
dynamic growth. 
The nucleation process described can be understood on the basis 
of the f - R diagram of Fig. 1. The locus of the process for any given 
bubble is a horizontal line, whose ordinate is fixed by the gas content 
of the bubble . At the beginning of the process, the bubble is represented 
by the intersection of the given horizont~tl line with the fT(R) curve 
for the initial temperature. As the temperuture increases, the point 
representing the bubble shifts to the right on the f - R diagram to fT(R) 
curves drawn for higher temperatures, and correspondingly the bubble radius 
increases. The process t erminates when the bubble point reaches the fT(R) 
curve which has a maximum at the ordinate of the horizont&l lipe. (The locus 
(/) 
t: 
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of maxima is represented in the diagram by a dashed line , the "locus of 
critical points".) The bubble considered is then stable against collapse 
at the temperature of this critical fT(R) curve and at the radius Rc 
of its maximum point, but is in n situation of unstable equilibrium with 
respect to growth. ~ further increase in temperature upsets the equilibrium 
and releases the bubble for dynamic growth. Since the surface tension 
effects relax with an increase of bubble radius, the bubble (which is now in 
superheated liquid) will continue to grow indefinitely. 
The nucleation process is qualitatively similar, but from an 
analytic standIJoint more complex, when the cavitu.tion bubble grows from 
a solid particle in the liquid, or from a gas pocket stabilized on a solid 
particle. The bubble may pass through s ever a l intermedia te stable or un-
stable equilibria, depending on the size and shape of the particle. Since a 
pure gas bubble will eventually rise be cause of gravitational effects and so 
be r emoved from the liquid as a source of nucleation, the majority of cavita-
tion bubbles may be supposed to grow from nuclei cont aining solid particles. 
The mechanism discussed above for the r eleas e of a cavitation bubble 
for dynamic growth is the counterpart of boiling. One may analyze in a 
similar manner the shift of a bubble from stuble to uns table equilibrium , 
and its release for growth, by a de creas e in the external pressure. An 
equivalent process occurs in cuvitnting liquid flow, the pressure drop in the 
vicinity of the bubble nucleus being caused by a change in the flow pattern 
due to the presence of a submerged obstacle. In this case , however , the 
bubble does not ordinarily continue to grow, but is forced to collapse by a 
pressure rise which follows along the path of the bubble.* 
A differ ent phas e of the nucleation problem has been investiga ted by 
·Glaser, (5 ,6 ) who used dega ssed diethyl eth8r a t 1 ntm., superheated 1 oo0 c 
above its normal boiling point of 34°c, as tho working fluid in a Bubble 
Chamber designed to loca t e the path of a charged at omic pa.rticle. A series of 
* Considerable local pr essures can develop at the point of bubble collapse. 
If the bubble collapses near the surfa ce of a submerged object, the sudden 
unbalance of pressure r esulting may be sufficient to dislodge particles from 
the surface . For a r e cent study of cavitation damage , see M.S. Plesset 
and A. Ellis, Proceedings, Annual Me0ting ASME, December 1954. 
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vapor bubbles appears along the track of such a particle in the liquid. If 
photographed a f ew microseconds after the detection of the particle, the 
track is fairly well defin8d by the bubbles. The physical mechanism of the 
bubble nucleation in the Bubble Chamber has not, as yet, been fully expluined. 
In treating the problem of bubble growth, it becomes necessary to 
make some assumption concerning the nucleation process. The simplest 
assu..mption to make about the bubble , and the one which will be made in the 
analysis to follow, is that the bubble contains initially no permanent gas 
or solid particle nucleus. It, of course, follows from this assumi:1tion 
(N = 0) and eqs. (4) ond (5) above thut ther e is no r adius of stable 
equilibrium for such a bubble . Nevertheless, if the liquid is heat ed above 
its boiling point there will still be a r adius 
which satisfies the equation 
R 
0 
of unstable equilibrium, 
(7) 
The r adius R 
0 
critical radius 
of the pure vapor bubble given by eq . (7) is r el a t ed to the 
R for unstable equilibrium of a gas filled bubble a t the 
c 
same superheat by 
R - 2 R 
o - 2 c" (8) 
While it is not possible, physically, to form a pure vapor bubble at the 
radius R , the details of growth of such a conceptual bubble differ in no 
0 
essential way from those of n gas filled bubble growing from unstable 
equilibrium, or from those of n bubble otherwise nucleated. Equilibrium 
bubble r adii for a pure vapor bubble in water a t 1 atm. external pressure, 
as a function of the water t emper ature, will be found in Tabl e II (p ~ 65) 
The equilibrium r adius of the pure vapor butble and the corresponding critical 
radius of the gas nucleated bubble ar e de creas i ng functions of t emperature 
(see Fig. 1). 
The method consider ed i n the analysis be low for the r el eas e of an 
equilibrium vapor bubbl e for growth will be an increas e of liquid t emperature, 
rather than a decreas e of pressure . One r eason for this choice is that the 
temperature change involved in the heating of a liquid usually proceeds at a 
sufficiently low r ot e that it ceases to influence the behavior of a bubble 
soon nfter the growth of the bubble has begun. The bubble growth then becomes 
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self-determined, or "free". When the bubble growth is initiated by 
pressure changes, this may not be the case. 
Another reason for tha choice is the availability of experimental 
data for the growth of cavitation bubbles in superheated water, with which 
the predictions of the theory developed below may be compared (see Figs. 4, 
5, 6). After the growth of a cavitation bubble has begun, the details of 
nucleation become unimportant. The bubble tends to become spherical, and 
is adequately represented by the pure vapor bubble model used here. 
The process of growth of a cavitation bubble in a superheated 
liquid may be described as follows: When the bubble is at its critical 
radius (R for a gas nucleated bubble, the radius R of eq. (7) for a 
c 0 
pure vapor bubble), it is unstable against expansion, and a slight tempera-
ture increase will start the bubble growing. The initial phase of growth 
is characterized by the relaxation of the effective pressure due to surface 
tension with an increase of bubble radius. The pressure unbalance causing 
the bubble growth is thereby increased, and correspondingly the rate of 
expansion increases rapidly. In order for the bubble to grow, however, 
evaporation must take place at the bubble wall. Because of the latent heat 
requirement of evaporation, this requires the temperature at the bubble 
wall to drop below that of the bulk liquid, which in turn decreases the 
vapor pressure at the bubble surface. Whether or not the decrease in 
pressure causes the velocity of the bubble wall eventually to decrease 
depends upon the rate of increase of bubble surface area. It will be shown 
that such an effect occurs. The bubble radius ultimately becomes propor-
tional to the square root of the time of growth. In this asymptotic range 
of bubble expansion, the temperature at the bubble wall approaches the 
boiling point of the liquid at the external pressure, and the pressure 
difference producing the bubble growth tends to zero with the radial 
velocity of the bubble wall. 
If the bubble growth is arrested and the bubble forced to collapse 
by a sudden increase in the exterior pressure, the flow of vapor and the 
fl.ow of heat at the bubble wall are reversed. ~ondensation of vapor at the 
surface of the bub~le raises the temperature there, resulting in an increase 
of vapor pressure which tends to slow down the rate cf collapse. 
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It is thus apparent that coupled with the dynumic problem there 
is a problem of heat transfer between the liquid and vapor which arises when 
the bubble changes size. The heat problem will be solved approximately 
under the assumption that significant heat transfer occurs in the liquid only 
in a thin shell surrounding the bubble wall. The solution is presented in 
section III, along with an estimate for the first order correction. The 
asswnption of a thin thermal boundary layer in the liquid is reasonable if the 
thermal diffusivity of the liquid is sufficiently low. 
Insofar as the liquid is concerned, the bubble grows or collapses 
because of pressure varia tions at the bubble wull, and possibly at the 
external surface of the liquid, which set the liquid in motion. Thus the 
heat transfer problem involves convection effects. A treatment of the heat 
transfer problem which neglects convection hus been given by Forster and 
Zuber,(?) who use the model of a stationary liquid containing a moving heat 
source (corresponding to the moving bubble wall). The diffusion solution 
for the heat problem obtained from this model leads to unreulis.tic predictions 
for the rate of bubble growth. An analysis of the diffusion solution is 
also presented in section III. 
The dynamic problems considered hore are the growth from unstable 
equilibrium of a pure vapor bubble in a superheated liquid, and the collapse 
of a vµpor bubble in a liquid be low its boiling point. The bubble which 
collapses is taken to be at rest initially, and in this respect is a model 
for a cavitation bubble whose growth has been ~rrested by an increase in the 
external pressure on the liquid. The model used differs from an actual 
cavitation bubble in that the liquid temperature is assumed to be uniform 
when the collapse starts. The temperature fi eld in the liquid for an actual 
bubble depends on the past history of the bubble , and if non-uniform will 
affect the initial period of bubble colla~s e . The solutions for the growth 
and collapse of vapor bubbles are pres ented in se ction IV, together with 
experimental verification for the cas e of bubble growth in superheated water. 
For the quantitative solution of the heut problem and the dynamic 
problem, several sim~lifying physical assumptions have been made . The 
arguments for the validity of the general assum~tions ar e justified, as they 
appear in th0 text, for the case of cavitation bubbles in wat er. Two basic 
assumptions may be mentioned here, however; the se are that the motion possesses 
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spherical synunetry, and thut the motion is irrotationnl. The latter 
assumption is independent of the former since, for example, it is possible 
for a swirling, eddy type of motion to occur within the vapor of u spherical 
cavitation bubble. The experimental evidence indicates that such motion, if 
it occurs, does not influence the bubble behavior. The assumption of spherical 
symmetry is more serious. This requires in principle that the asynunetric 
effect of gravity upon the bubble behavior be ignored. Actually, the rise 
of a vapor bubble against gravity is extremely slow, so long ns the bubble 
0 is small. Thus, for water superheated by about 2 C, no great error is 
introduced by the buoyant force provided th~ bubble growth is not followed 
beyond a radius of the order of 10-1 cm, which is much greater than the 
equilibrium radius of about 1.5 x 10-3 cm for the 102° vapor bubble in water. 
Bubbles released at higher superheats grow appreciably faster than the 
0 102 bubble, and so are r elatively much larger before gravitational effects 
become important. The collapsing bubble has, effoctively, no time to rise 
against gravity before its collapse is completed. 
Tho emphusis in the following treatment is laid upon the physical, 
rather than the mathematical aspect of the problem. Thus, a complete table 
of the integrals appearing in the t ext has not been given, although a few of 
the more obscure integrals are evaluated in the Appendix. From a mathematical 
standpoint, however, it is f elt that theequntion for the growth of a vapor 
bubble in a superheated liquid may be of some interest, inasmuch a s it offers 
a tractable example of a nonlinear, integro-differential equation. 
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II. FORMULATION OF THE PROBLEM 
Basic Eguati2!l.§_. 
In t erms of the fluid density,_? , the (ve ctor) fluid velocity y, 
the temperature T, the pressure p, the internal energy e per unit mo.ss 
of fluid, the stress tensor P, the thermal conductivity k, the coe fficient 
of viscosity 7( , the time t, and the heat q gener at ed per s econd, per 
unit volume in the fluid by absorbed radiation, the fundamental Eulerian 
equations which describe the behavior of a.fluid (liquid or vup or) are : 
The equation of continuity 
a.P at + 9 • J1 y = 0 • ( 1 ) 
The equation of motion (with the neglect of external body forces, 
such as gravity) 
dy 
_j) dt = \J • P. 
The heat equation 
D do = P : 'Vv_ + \J • kVT + q. J dt 
The thermal and ca loric equations of state 
f = f (p, T)' e = e (p, T) . 
(2) 
(3) 
(4) 
For a Newtonian fluid, the stress t ensor is given by* 
* 
P =-pl+ 7( ['Vy+ ('Vy) 1 - ~ I('V • y)l. (5) 
The notation used her o is es s entL:.lly thL.t of Gibbs, with \J 
denoting the gradient operator. Tho symbol \J • denotes the divergence, \J x 
the curl, and in the cnse of the rate of strain tensor \JV is the vector 
gradient (a dyadic). The term P : 'VY in (3) r epresents tho trace of the 
product of the stress o.nd rate of strain tensors. The term ('Vy)' in 
eq. (5) is the transpose of '\.6:• 
For the definition of the stress t ensor and a derivation of eqs. (1), 
(2), (3), see Milne-Thomson, Theoretical Hydrodynamics (Macmillan and 
Co., Ltd., London, 1949). 
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In these equations, :t denotes the totul derivative with r espect to time, ns 
computed in a refer ence frnme nt r est in the fluid el ement under consider-
ation;* thus, 
(6) 
Physically, eq. (1) expresse s the conservation of mass. Eq. (2) 
rela t es the inertial r eaction of the given el ementary fluid mass to the 
surface stresses a cting upon it (in the absence of exter nal forces). Eq. (3) 
is essentially the sta t ement of the first law of thermodynamics, r el a ting the 
increa se of inter nal energy of the mass el ement to the work done on it by 
its surroundings i n changing its shape and size , the heat energy conducted 
into it across its surfa ce , and the heat gener a t ed in it by absorbed 
radia tion. 
By the use of standard ve ctor and t ensor identities, the t erms in 
(2) and (3) involving the stress tensor de fined by eq . (5) can be r educed 
to the forms 
'V • p = - 'Vp + ~ [~ V('V • y) -'Vj.. ('V ;< y)], 
P:'Vy = - p ('V • y) + 1... [ ('V .x ~:) 2 + ~ (V' • y)2 
+ 2'7 • [~ w 2 - y X('V .Xy:) - y(V • y)]} 
provided the coeffici ent of viscosity 7( is consider ed to be constant. 
Becaus e of the smallness of the coeffici ent of vis cos ity of wat er and its 
vapor, viscosity effects ar e not expected to play an important role in the 
behavior of wat er vapor bubbles, and will ultimat e ly be ignored. The 
viscosity t erms have been r e t ai ned, however, so that order of magnitude 
estimate s of their i mportance mQy be made . 
When the a ssU-TJlption i s mu.de that t he fluid flow is irrota tionul 
(7) 
'V X Y = 0 (8) 
* Other symbols for the t ot al (substantial, convective , particle ) 
derivative include D/Dt, and a dot pl a ced above the differ entia t ed 
t erm: q • 
- 12 -
the forms (7) further reduce to 
'V • p = -'Vp + ~ 7l 'V('V • y)' 
(9) 
P: Vy= -p('V ' y) + -~ [ ef-v2 - ~ (v • y) 2 - 2y • vb • y)} • 
If the further assumption is made, in the case of the liquid, of 
incompressibility (_,fJ =constant), eq. (1) gives 
'V • y = o, (10) 
and eqs . (9) become simply 
'V • p = -'VP' 
( 11 ) 
2 
v • p : 'Vy = 
It will be observed, on substituting eq . into 8q. (2), that the viscosity 
terms disappear completely from the equation of motion for the case of 
irrotational motion of an incompressible fluid. If the fluid is viscous, 
the motion may still be influenced by viscous hent generation, however, 
provided significant hent transfer effects take place. 
The Problem in the Ligui~. 
It follows from the assumption that the liquid motion is irrotational 
(eq. (8)) that there exists a velocity potential ¢ throughout the liquid, 
such that 
Y = -v¢. 
Since, further, the liquid is taken to be incompressible (eq. (10)), the 
velocity potential is a solution of Laplace 1 s eqm1tion 
'V2 ¢ = o. 
The spherically symmetric solu"Gion of eq. (13) is of the form 
¢ = Ait) + B(t) , 
r 
( 12) 
( 13) 
(14) 
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where r is the radial coordinate from the center of the bubble. The 
liquid velocity corresponding to eq . (14) is purely radial, and given by 
eq. (12) as 
v =:!.!ill • 2 
r 
If the liquid velocity at the bubble wall is denoted by v(R),* eq. (15) 
gives the r elation 
where R(t) is the radius of the bubble surface. Eq. (15) thus becomes 
2 
v(r,t) = R-hl v(R) , 2 
r 
and if the velocity potential is normalized to zero at r = oo , eq. ('14) 
becomes 
( 15) 
( 16) 
(17) 
2 
¢(r ,t) = E:l:tLtlfil . (18) 
r 
The equation of motion, according to eqs. (2), (11), is 
The vector identity 
av 
.0 [ -= + y • \7y] = -VP• 
J at 
1 2 y f. ('V f.. y) = 2 'V v - y • \, y 
and the a.ssumpti on 'V X y = 0 give 
v • 1 2 V'Y: = 2'VV; 
hence, by eq . (12), the equation of motion (19) may be written 
f 'V [- ~ + ~ v2] = -'Vp ' 
from which a Bernoulli r ela.tion 
- a0 + 1 v2 ~ ( ) at 2 = - y + ct 
follows by integration, tht: density ha.ving been taken constant. 
----
( 19) 
(20) 
From eqs . ( 17), 
* v(R) is, in general, not exactly equal to the radial velocity R 
of the bubble wall (because of evaporation or condeneation occurring there.) 
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(18), the l e ft side of eq. (20) vanishes nt r =co, so that C(t) in 
eq . (20) is simply the externa l pressure p divided by the liquid density: 
co 
Eq. (20) thus becomes 
~ 1 2 
at - 2 v = 
poo 
C(t) = 
_,P • 
(21 ) 
Because the density of the liquid is assumed constant, the internal 
energy e can be a function only of the temperature T. Over the limited 
range of temperatures which will be considered here , the internal energy may 
be considered to vary linearly with the t emperature . On neglecting any 
constant internal energies, the cnloric equation of state therefore reduces to 
where c 
v 
e = c T, 
v 
is the specific heat (at constant volume ) of the liquid. The 
thermal conductivity k, like the specific heat, will be taken constant 
(22) 
over the t emperature ranges considered. Eqs. (3), (11 ), and (22) thus combine 
to give for the interna l energy equation of the liquid 
[aT ] 2 2 2 • 
.,,Pc v at + v • vT = kv T + ''( v v + q. (23) 
In the analysis to follow , the viscosity term 1 v2 v2 in eq . (23) 
will be neglected. By using the solutions thus obtained, it is possiblE 'to 
estimate the contribution of this term to the total rate of heat generation 
per unit volume of liquid. The specification (17) for v gives 
2 
7(92 v2 = 121 v2 
r 
and accordingly , the viscous heat g~neration is a maximum nt the bubble wall, 
where it amounts to 
per second, per unit volume . Here v(R) r epresents the velocity of the 
liquid at the bubble wall, which Qay be approximated by the radial velocity 
. 
R of the bubble wall itself.* The coefficient of viscosity of water near 
* This approximation , which is plausible physically , will be shown to be 
accurate to about 1 part in 1000. 
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the boiling point is about 3 x 10-3 c.g.s. units.* The solution for vapor 
bubble growth to be ~resented below gives for a bubble growing in water at 
1 atm., superheated to 103°C,a maximum radial velocity R 32 cm/sec max 
when the bubble radius is about R = 3 x 10-3 cm (see Fig. 7). Combining 
these figures, we find for the rate of viscous heat generation at this time 
time •2 R 
/) '"'2v2 :: 12 n mRa2x 4 1 06 I 10-1 1/ .lv l = x erg cc•sec : ca oc•sec. 
But the total temperature drop at the bubble wall near the time of maximum 
radial velocity (see Fig. 8) is about 104 °c/sec, corresponding to a heat 
loss from the liquid at the bubble wall at this time of 
104 cal/cc•sec, 
due essentially to the evaporation occurring there . The viscous heat gener-
ation drops off sharply away from the velocity maximum. Clearly, viscosity 
plays a negligible part in determining the growth of vapor bubbles in water. 
Eq. (23) will therefore be written for solution as 
(24) 
The foregoing development of the equations for the liquid has 
been based essentially on the assumption that the liquid is incompressible. 
The validity of this assumption depends upon the ratio of the velocities 
attained by the liquid to the velocity of sound in the liquide For the 
growing vapor bubble, the maximum velocity at the bubble wall is never 
larger than a few meters per second for the highest superheats considered, 
so that compressibility effects in the liquid may be safely ignored. 
For the case of the collapsing bubble, several of the assumptions 
made above may fail near the point of collapse, if the solutions are carried 
that far. Thus, the temperature at the bubble wall, which is initially below 
the boiling point, rises sharply near the end of collapse, possibly 
* A tabulation of physical constnnts will be found in Appendix A. 
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appronching the critical temperature of the liquid. The parameters J°' k, 
c , etc. of the liquid cannot be taken constant, of course, over such an 
v 
extreme temperature variation, nor is it valid to consider the liquid 
incompressible. PeFhaps the most significant error in the basic assumptions, 
for the case of the collapsing bubble, lies in the fact that the spherical 
shape is inherently unstable near the point of collapse. (S) The collapsing 
bubble t~nds (theoretically and experimentally) to shatter before collapse. 
For these reasons, although the assumptions made above will be 
retained, the calculations for the collapsing bubble will be carried only 
far enough to indicate the trend of behavior of the physical quantities 
involved. 
The Problem in the Vapor. 
In the case of the vapor, the main simplifying assumptions are 
related to the smallness of the vapor density in comparison with that of 
the liquid. Thus, the physical effects of the vapor inertia may be expected 
to have a negligible influence on the rate of bubble growth or collapse. 
It will be shown that the vapor may safely be considered to be in a state 
of thermal and dynamic equilibrium, insofar as its internal behavior is 
concernedo To do this, it is sufficient to use order of magnitude estimates. 
The equation of motion of the vapor follows from eqs~ (2), (8), 
and (9), and is given by* 
ov 
P [a~ + Y • 9y] = -9p + 31_ 9 (~ • y). (25) 
The velocity in the vapor is certainly smaller in magnitude than the velocity 
of the bubble wall, because of the evaporation which takes place when the 
bubble grows or the condensation of vapor which occurs when the bubble 
collapses. The vapor density is smaller th(1n the liquid density in a ratio 
of about 1:1000, and the coefficient of viscosity of the vapor is smaller in 
a ratio of roughly 1: 1 O. The pressure gradient in the vapor may therefore 
be assumed smaller than the gradient in the liquid by at l east an order of 
magnitude. An estimate of the pressure gradient in the liquid may be made 
* The symbols appearing in this part of section II refer to the vapor, 
unless otherwise indicated. 
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by again putting the liquid velocity at the bubble wall equal to the bubble 
wall velocity R in eq. (17), and using this to evaluate eq. (19) at the 
bubble wall. The result for the liquid is simply that 
op1. 
__ 1.9, 
or r=R(t) 
0 
where R is the radial acceleration of the bubble wall. For water at 103 C, 
the maximum radial acceleration of the bubble wall is about 6 x 105 cm/sec2 
(see Fig. 7), giving for the maximum pressure gradient at the bubble wall 
6 x 105 dynes/cm2/cm, or about .6 atm./cm. The maximum pressure gradient 
in the vapor is not more than about 1/10 of this, on the basis of the above 
estimate, and it occurs when the bubble radius is about 2 x 10-3 cm. Thus, 
the pressure variation in the bubble is at most of the order of 10-4 atm. 
But the pressure itself is of the same order as the external pressure of 
1 atm. It is thus clear that the pressure may be taken as uniform within 
the bubble, 
p = p(t). 
vap (26) 
For order of magnitude purposes it is sufficient to consider the 
vapor to be thermally and calorically perfect: 
p = .f' BT, 
e = c T, 
v 
where B in (27), is the universal gas constant divided by the molecular 
weight of the vapor, and c 
v 
in (28) is the specific heat (at constant 
volume) of the vapor. The heat equation for the vapor becomes 
2 
• v) - 2v • 'ii (\7 
(27) 
(28) 
(29) 
according to eqs. (3) and (9), if the radiant heating in the vapor is ignored. 
The thermal conductivity, sp~cific heat and viscosity coefficient of the vapor 
are about an order of magnitude smaller than the corresponding quantities 
for the liquid. On making the same approximations for the heat equation (29) 
as for the equation of motion, we obtain an approximate relation 
2 k.9 T = p'il • y, 
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which reduces to 
(30) 
if the velocity potential relation for the velocity and the uniformity of p 
and k are used. Inasmuch as the pressure, temperature and velocity potential 
are all finite at the origin, the only solution of (30) consistent with 
spherical symmetry is of the form 
kT + p¢ = C(t)o (31) 
The velocity potential remains undetermined to an additive function of time, 
which can be so chosen that C(t) = 0 in (31 ) . Eq. (31) then yields the 
relation 
(32) 
and if the perfect gas law (27) is used in (32) it gives .the further relation 
(33) 
Eq. (33) may now be substituted into the equation of continuity (1), giving 
or 
oP _ - v 
at - = 'iJ 
(34) 
Eq. (34) is a diffusion-type equation, which may be compared with 
the heat equation written for stationary vapor 
or 
(35) 
The function in eq. (34) replacing the thermal diffusivity D of the vapor 
in eq. (35) is 
1¢1 (36) 
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If the vapor molecules may be supposed to have, say, three translational and 
three rotational degrees of freedom, then c = 3B. Hence if the vapor were 
v 
stationary, we should have from (35) and (36) 
1¢1 ::: 3D. (37) 
Eq. (37) will be of the right order of magnitude even if the density varies. 
Now , the thermal diffusivity D 
.3 cm2/sec. The characteristic 
/4T.0Tt ~ 2 Vt. The significant 
of saturated water vapor at 10J 0 c is about 
diffusion length for eq. (34) is thus about 
time for the 103° bubble is about 10-4 sec, 
roughly the time between the end of the relaxation period (when the rate of 
bubble growth becomes significant) and the time of the velocity maximum (see 
Fig. 7), giving for the diffusion length ~t ~ .02 cm, or about six times 
the bubble radius at the velocity maximum. There is, therefore, an insignif-
icant variation of ln; with position in the bubble, so that the vapor density 
may be considered a function of time alone, 
L) =,O(t). / vap / 
Eqs. (32) and (33) then show that also 
T = T(tJ, 
vap 
¢ = ¢(t). 
vap 
(38) 
(39) 
(40) 
It is not legitimate, of course, to argue from eq. (40) that the 
vapor is at rest, since it is the small terms in ¢ which have already been 
neglected in arriving at (40) that determine the velocity. This difficulty 
can be traced to the normalization chosen for ¢. However, an estimate for 
the velocity is readily obtained from eq. (38). Consider a sphere of radius 
r within the vapor. The mass of vapor in such a sphere, by (38), is simply 
(41) 
If, now, the independent vari ~bles in (41) are chosen to be m and t, 
rather than r and t, eq. ( ~1) may be written in an alternative notation as 
(42) 
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the change corresponding to the adoption of Lagrangian rather than Eulerian 
coordinates. Differentiation of (42) with respect to t, holding m fixed, 
shows that 
or since 
o.P or 
r at + 3 ./> at = 0 , 
2!:. is now the vapor velocity, that at 
v (r,t) = - ....!:__ 
vap 3_p 
Q'E 
at ' (43) 
Inasmuch as the origin for r in the above development was arbitrary, eq. 
(43) implies a uniform dilation or contraction of the vapor within the buhble, 
which is consistent with the uniformity at __ /7 . Eq. (43) indicates a radial 
velocity in the vapor at the bubble wall of about .4 cm/sec for the 103° 
bubble when the velocity of the bubble wall reaches its maximum of about 
32 cm/sec. 
In the discussion of the growing vapor bubble in a superheated liquid, 
effects related to the velocity of the vapor will be neglected, thus incurring 
an error of a few per cent in the results. In the discussion of the 
collapsing bubble, the large temperature variations at the bubble wall may 
be expected to cause significant changes in the vapor density, and so the 
effects of the vapor velocity will be included. 
It may be noted in passing that for a uniform (irrotational) dilation 
or contraction of the vapor, such as is indicated by eqs. (38) or (43), 
the viscosity terms in the heat equation (29) vanish identically. 
Boundary Conditions. 
If the terms involving viscosity are omitted from the basic equations 
(1), (2), (3) and the equations of state are substituted in, the resulting 
equations are of first differential order in y and p, and second order in 
T. In order to match solutions for the liquid and vapor across the bubble 
wall, relations must therefore be provided connecting the values of y and p, 
snd the value and normal derivative of T across the interface. Because of 
the assumption of spherical symmetry, no further relations are needed if the 
viscosity terms are retained. 
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Consider a differential cone r extending from the center of 
the vapor bubble (the origin) to a point indefinite~ far away in the liquid, 
whose generators are straight lines through the origin, and whose differential 
cross section at the bubble Vall is ,L:. • In this cone, mass is conserved 
The equation of motion of the cone is* 
~t Jr f Y d c + § r !! • )' n dS = Jr !! • P dS - J~ 
and the energy balance equation is 
_L 
dt 
rr 1 2 r (_ f) (e + 2 v )d t: + j Jr > 
I 
v_, dS ·· J 
= ( q d t + ~ !l • (P 
"
1 r ~f r • y + k\7T) as. 
20 
R !l dS, 
(44) 
(45) 
(46) 
In these equations, n denotes the outward drawn normal to the cone in 
,[ dS, and the unit normal to 2_ extending away from the origin in ( as. fr J~ 
The surface integrals on the left side of the equations represent transport 
terms; these must be added because the elements of integration do not move 
with the fluid. To evaluate the integrals we shall need the differential 
equations, which may be written 
oP 
at + " • f Y = o, (47) 
a_,oy 
at+ \1 • yiyy:-P] =O, (48) 
..L [ ( 1 2)1 [ 1 2 ] at J e + 2 v + IJ • / Y ( e + 2 v ) - P • Y - l& T = q, (49) 
eq. (49) being a combination of eqs. (2) and (3). 
* Since the stress tensor does not account for the molecular forces 
responsible for surface tension, the force due to surface tensions must 
be written explicitly into eq. (45), and the corresponding surface energy 
into eq. (46). For a classical treatment of the theory of surface tension, 
see Joos, Theoretical Physics (Hafner Fublishing Co., Inc., New York, 1934), 
Chapt. IX, section 8. 
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The equations (4?), (48), (49) are all of the form 
oa + v • b = c, ot 
a, b and c being suitable scalars, vectors or tensors. The integral 
relations require a knowledge of 
The change in the i ntegral 
_£.., f ad 'G • dt r J ad 0 during a time dt is 
r 
r f d j ad't = 
r r<R+Rdt 
[a• + g:• dt J d 0 j- a 1d t' 
r<R 
(50) 
(51) 
where a 1 is the value of a written for the vapor. The volume element 
d L. is here considered fixed in space. To first order in dt, (51 ) is 
d J ad t: = j 
r R<r<R+Ra.t 
(a' -a)dt +dt[ j ~~' d t +} ~~de ]. 
r<R r>R 
This may be transformed with the aid of the relation (50) and the divergence 
theorem, to 
d ( 
dt J ad't = 
r 
1 R(a' - a)dS + j c'd t. - <}_ !! • b'dS 
r=R r<R r<R 
+ j cd 'C -
r>R 
J n • bdS 
Jr>R 
= 1 R (a 1 - a )dS + ) ( cd t - i n • bdS -1 n • (b' - b )dS 
2-- r J r- r. -
= L • [R(a ' - a) - n •(b' - b)l.2: - J r!!• bdS +Jr cd 'G . 
(52) 
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Applying (52) to eqs. (44)-(49), one obtains in a straightforward fashion 
[RV' - / jJ) - !! • <;; 'y' - / y)] L = o, 
• 20 [Rjo'Y' -/y) - !! • V'Y'Y' -/n - P' + P)]2, = - T !!2:.., 
2<T .! f . 1 2 1 2] 
- R rt = L R[ /' (e + 2 v' ) - / (e + 2 v ) (53) 
- !! •[/'y1 (e 1 + ~ v' 2 ) -/y(e + ~ v2 ) - pt. v' 
+ P • y - k 1 VT 1 + kl T]} L • 
Because of the spherical symmetry, 
!! • l - av v P = n[ - p + !!; n (-, - - ) ] 
- 3 l or r (54) 
on 2.:. (the same relation holding for P' ). The use of (54) in (53) leads 
to the results 
,;J (R - v) . = / ' (R - v') , 
2 0- " l av V /J;, OV I VI 
P + R = P' + (v - v')/ o'(R - v') + j~ <ar - ;) - 3 ~'(ar - ~), 
k oT - k' §T' = LJ'(R - v')[L + 1(!~ - v 1 ) 2 -1(1~ - v)2 
ar ar /- 2 2 
at r = R, where in (57) we have put 
I 
L = e 1 - e + E..:. - ..lL • / ' / , 
according to the first law of thermodynamics, L is the latent heat of 
evaporation at the bubble wall. Evidently, eq. (55) expresses the con-
servation of momentum a-t. the bubble wall. The last terms in (57), (58) 
represent kinematic (mass transfer) and viscous corrections to the vapor 
pressure and heat transfer relations holding at the bubble wall. 
(55) 
(56) 
(57) 
(58) 
There is, finally, the condition of temperature continuity across 
the bubble surface 
T1 = T. (59) 
A temperature discontinuity would imply an infinite heat conduction through 
the surface. 
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The momentum condition (55), which may be written 
• pt v' 
v = R[1 - ~ (1 - ~)], /' fl 
(60) 
shows that the liquid velocity at the bubble wall can differ from the 
bubble wall velocity by at most terms of relative order/ 'I/:::: 1/1000. 
For all practical purposes, (55) may therefore be replaced by 
v1 . (R) = R. 1q (61) 
As has been mentioned previously, the vapor velocity is small in comparison 
with the bubble wall velocity. The momentum transport correction in eq,(56) 
•2 is thus approximately /} 1 R ., 
6 • 1 atm ~ 10 c.gas units, R 
For this to compare with /'° 1 , which is about 
must equal a~out 300 m/sec, i.e. be comparable 
with sonic velocity in the vapor. Such large velocities will not be con-
sidered here, so that the moo.c:::itum tr-ans:r.io·~·t correction in eq. (56) may be 
neglected. Similarly, the kinetic energy transport corrections to the heat 
transfer relation (57) are completely negligibJ.e in comparison with the 
latent heat of evaporation. (For water, L ~ 2 x 1010 erg/gm.) 
The viscosity corrections in (56), (57) may be evaluated by eqs. 
(17), (43), (60). The contribution of the vapor vanishes identically. 
The contribution of the liquid amounts to 
/;. /i (av_ Y) = _ 4-nY.I = _ 4 ~A 31.... or rR lrR (R 
in eq. (56), and this divided by ;:'in eq. (57). The net effect of viscosity 
/ . 
is thus to increase the surface tension () in (56) by 2 7l R, and to decrease 
the latent heat L in (57) by 4~:fVf'R• For a vapor bubble growing in 
water, the latter correction is entirely negligible. The surface tension 
increase amounts to .2 and .9 dynes/cm at the time of the velocity maximum 
of the 103° and 106° bubbles, respectively (see Fige. 7,9). This is of the 
order of the thermal variation in O"", which has already been neglected. For 
the collapsing bubble, these viscous effects become important only near the 
point of collapse. 
With the neglect of the kinematic and viscous corrections, the 
pressure relation (56) reduces to 
- + at:. Pvap - Pliq R • 
Since the temperature within the vapor is considered to be uniform, the 
heat transfer relation (57) reduces to 
k ~; = 72 t (~ - v'). 
(62) 
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By eq. (43), this may also be written 
R2 (k oT) = ~ :t (R3 ,o vap) • 
&- liq .J / 
(63) 
When the vapor is at rest relative to the interface, the quantities 
Pvap and / vap are equal to the equilibrium vapor pressure and density 
p and _,,a of the liquid at the temperature of the bubble surface. 
eq ,. eq 
But when a relative velocity exists they will differ, by an amount depending 
on the nature of the liquid. A relation connecting these which holds when 
the vapor may be considered a perfect gas in a state of complete equilibrium 
(v = 0) has been given by Mathews,(9 ) on the basis of previous work 
vap (10) 
by Plesset. In the notation used here, Ma.thews' relation is 
Pvap _ -"'°vap = __ c.._ 
Peq - /deq • c + R 
, (64) 
where c is a characteristic velocity, related to the velocity of sound c 
in the vapor and the specific heat ratio 't of the vapor by 
- a 
c = c. (65) 
The parameter a appearing in (65) is called the 11 accomodation coefficient11 
of the liquid, and measures the fraction of the surface available for 
evaporation or condensation. For non-polar liquids a is near unity,but 
for polar liquids with hydrogen bonding a may be appreciably smaller. 
For a water surface near 10°c, a is reported by Wyllie( 11 ) to have the 
value .04. This experimental value was obtained by measuring the time 
required for a sample of liquid to evaporate into a partial vacuum. Due 
to experimental difficulties, the value of a for water has not been 
measured at higher temperatures. 
If the value a = .04 and the values y = 1.33, c = 5. x 104 cm/sec 
are used in (65), they give for the characteristic velocity of water 
c ~ 7 m/sec. Correspondingly, one might expect a significant deficiency 
in vapor pressure and density to occur when a vapor bubble is growing 
in water at only a moderate rate. The situation in the case of a collapsing 
bubble is even more critical. The large pressures developed within the 
collapsing bubble because of the inaccesibility of the bubble surface for 
condensation would severely limit the rate of collapse, and might be expected 
to result in the appearance of condensation throughout the vapor. 
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These conclusions, however, do not ~ppear to be borne out by 
experiment. Thus, the rressure-limited collapse described does not occur 
(radial velocities of collapse in water which are certainly in excess of 
25 m/sec have been reported by Ellis(12 )), and condensation has not been 
observed to occur within collapsing cavitation bubbles, except possibly 
near the point of collapse. These facts indicate that the value of a 
for water at even 10°c may be much greater than .04, and possibly point 
to a significant increase of a with an increase of temperature.* 
We shall therefore assume the velocity c in eq. (64) to be 
sufficiently large that vapor pressure and density discrepancies may be 
ignored, so that we may take 
at the bubble wall. 
Conclusion. 
From eqs. (17), (61), eq. (21) becomes 
D / eq 
Since 2<r pliq(R) = Peq(T) - ~ by eqs. (62), (66), eq. (67) becomes at 
the bubble wall 
" <:t • 2 Pea (T) - P co RR + "' R = _;;_:;i..... __ __..;... 
2 /'liq 
t 
an equation of motion for 
was given by Plesset.(13) 
the radius R of the bubble wall. Eq. (68) 
Peq(T) in (68) refers to the equilibrium 
vapor pressure of the liquid at the temperature of the bubble wall.~'"" 
(66) 
(67) 
(68) 
It is not the experimental value of a which is questioned here, but 
the determination of the temperature at the surface of evaporation. In 
the case of water, the rate of evaporation is large, and a steep temperature 
gradient develops at the surface (possibly reaching 1o2 or 103 oc/cm). 
** As indicated previously in the discussion, eq. (68) may be considered 
valid so long as R remains small in comparison with the sonic velocity 
in the liquid. A correction to the equation of motion (68) which takes 
the compressibility of the liquid into account (up to terms quadratic in 
~/c11q) has been given by F.R. Gilmore (HDLCIT Report 26-4, April 1952) 
on the basis of the Kirkwood-Bethe hypothesis. 
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Coupled with eq. (68) is the heat equation for the liquid, eq. (24): 
(69) 
with the boundary condition 
R2ic fil:I = _3L JL (R3 /,c> (T)) 
or r=R(t) dt eq 
(70) 
(eqs. (63), (66)). .LJ (T) in (70) is the equilibrium vapor density /- eq 
of the liquid at the temperature of the bubble wall. It will be assumed 
that initially the temperature in the liquid is uniform 
T(r,O) = T • 
0 
(71) 
'l'ogether with the initial conditions for eq. (68), eqs. (68)-(71) 
determine the problem of vapor bubble behavior. 
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III. THE HEAT PROBLEM 
The system of equations II (69), (70), (71) which de.fine the heat 
transfer problem in the liquid may be written 
wher e k D = -- and 
_JJ c 
v 
92T = 1 [aT + v • VT] - kl q(t), 
D at -
aTI - R2 F(t), 
ar r=R(t) -
T(r,O) = T , 
0 
R2 R 
v=--2 
r 
F ( t ) - ..k j_ _q,_ [ RJ /'.) ( T ) ] • 
- 3k R4 dt req 
l 
1 
J 
( 1 ) 
(2) 
At r = c.o the t emper ature in the liquid becomes uniform, so that the first 
and last of eqs. (1) give on integrnti.on 
T ::: T(oo, t) = T + k12 q(t), 
00 0 
if q is chosen so that q(O) = O. To standardize the solution it is 
desirable to use instead of T the dependent variable 
e = T - T , 
00 
which vanishes at r = oo nnd satisfies the system 
9 2 g = 1 [ ae + v • v e 1 , 
D at -
8(r,O) = 8(00, t) = O. 
(3) 
(4) 
(5) 
- 29 -
Convection Solution. 
Because of the boundary condition at the moving bubble wall, it is 
convenient to transform (5) from Eulerian to Lagrangian coordinates. 
Coordinates appropriate to the present problem are 
t = t. 
} (6) m = t [r3 - R3(t)], 
The Lagrangian coordinate m measures essentially the mass of liquid con-
tained within a sphere of radius r about the center of the bubble, the 
liquid density having been assumed constant. 
system (5) becomes 
In terms of m and t, the 
ael = F(t) om ' 
m=O 
(7) 
9(m,O) = 8(00, t) = O. 
These equations can be put in more tractable form by introducing 
a temperature potential U, defined by 
ri _ au 
0 
- om • 
The differential equation 
2 Q_ [r4 .Q-1[ _ 1 au1 = 0 
om am2 D ot 
may be then integrated once with respect to m to yield 
1 Q!:L - J (t) ' D ot -
where J(t) is an arbitrary function of time. From eq. (8), 
U = f 0 m 9 dm + K ( t) , 
(8) 
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and the f'unction K(t) may be chosen so that J(t) = O, and also so that 
U(m,O) = O. The system of equations to be solved then reduces to 
a2u 
2 
am m=O 
= F(t), 
U(m,O) = ~~lm=oo = O. 
(9) 
The diffusion problem thus defined can be solved by an iterative 
procedure if the assumption is made that U varies appreciably only near 
m = O. This is equivalent to the assumption that the temperature variation 
i n the liquid is localized in a thin "thermal boundary layer 11 surrounding 
the bubble wall 9 which is reasonable if (as is the case with water) the 
thermal diff'usivity D of the liquid is sufficiently small. To utilize 
the assumption, we shall rewrite the differentia l equation as 
and treat the right side of (10) as a perturbing heat source . It is 
convenient to use in (10) a new time variable ~ 9 defined by 
L' = Jt R4(t) dt, 
0 
in terms of which the differential equation becomes 
The system for the unperturbed solution 
au 
-a-:8- = o' 
L' 
a2u 
- ~ = F( Z), 
am m=O 
u cm, o)=~QI = a. 
o um rn=oo 
u 
0 
is 
( 11 ) 
( 12) 
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This is readily solved by taking the Laplace trans form of the system with 
respect to the variable L;: • If 
u(m,s) = U (m, '""t: ) d ~ = .d......_ [ U ] Jo oo e-s t: '-P 0 0 
and 
f(s) = £ (F], 
the transformed system becomes 
with solution 
Thus 
d2 
_:\! 
2 
am m=O 
= f(s), dul = o, 
dm m=oo 
rs 
D -m VD 
u = - f(s) e 
s 
: = - n f(s) e Is -m V n d2~ = f(s) e -m.Jf' 
dm 
giving 
2 
=-~ j~ F( ( ) d j ' m 9 = t_ -1 [ill!l e - 4n(z;- f ) 0 dm vc;-r 0 
a2u . 1 2 2 
r0flil df m -~ =X_- [d u1 m - 4n(<::- f ) =- e dm2 v4rrD Jo n.:-j)3/2 om 
l 
J 
' 
The system for the perturbation correction u1 may be written 
a2u 
__ 1
2 
om m=O 
au 
= u 1 (m' 0) = om 1 = o, 
m=oo 
l 
l j 
( 13) 
( 14) 
(15) 
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where 
G(m, (;) J. 
If 
v(m,s) = -I_ [u11, g(m,s) = t[G], 
the transformed equations become 1 
I d
2
v s ~- - - v = g(m,s), 
dm2 D 
d2v _ dv 
2 - dm dm m=oo 
m=O 
= o, r 
J 
with solution 
v = - ~ ~ { .-m ~ f 
-m"° - e r
00 
-xA } Jo e D g(x ,s) dx , 
so that 
~~ = H .-m~ f .xA g dx - m~ roo -x,~ e J_ e g dx 
m 
-mA !~ -xv1 
- e e 
0 
At the bubble wall m = O, this r educes to 
~1 =- Jl" OO 
m=O o 
-xj~ 
e g(x,s) dx, 
giving for the perturbation temperatu:reat the bumble wall* 
J~ 
0 
2 
x 
( 16) 
It is assumed in the following discussion that all limiting procedures, 
changes of order of integration, etc., are permissible. 
or from (16), 
1 e1co,'t:')=- v'ZTD 
- 33 -
2 
(C:: - ) )3/2 
oo - -.,:.X=--..-f xe 4Dfr - ) ) 
0 
] dx, (17) 
The integral equation for the perturbation potential correction u1 'Will 
be given for completeness. Its Lapla~e transform v(m,s) can be written 
in the form 
v = - 1 /P. j "' co 
2 \I s 0 
,....- ,-- l I -Im-xi / ~ -(m+x) '§. J 
1 e - e ./ D g (x ,s) dx, 
~ -
from which one obtains 
u =-1 !Ji 1 2 ,; ; f
·t, d >" 
------
" O ~ v ~~ - J 
r oo 
I [ 
2 2 '1· (m-x) m+x) 
- 4D ( :: - j ) - 4D? "!, - ~ ) 1· 
e - e -
_J 
The solutions given above in eqs. (13)-(17) are thus far exact, 
but not useful for computation. The approximations to be made depend 
upon the assumption that the influence of the heat exchange occurring at 
the bubble wall does not extend far into the liquid. The transform of 
the unperturbed temperature solution may also be written 
•s· 
ID! = dul e-m / D 
dm dm , 
m=O 
which yields 
e (m, L: ) 
0 
= _J!L_ 
e (0 r ) d --0 , ) 
('t, - J )372 
For either the expanding or collapsing bubble, 
function of } • Hence, if 9
0
(0_9 ; ) may be 
) < l,
0 
(< 't), one obtains from eq. (18) the 
(18) 
I e (O, 1) I is an increasing 
0 
considered negligible for 
inequality 
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( m . 
erfc \ /4D("c _ ""orl (t > "{; ). 0 
Since erfc (x) < 1/2 for x > .5 ., the characteristic diffusion length 
in terms of the Lagrangian coordinates may be taken to be m = ~-D~(h"-v-----'L-0~)-
for the unperturbed temperature solution. The parameter of the 
perturbation is 
r4 ( ~m) 4/3 
R4 - 1 = 1 + ~ - 1 , 
which in the region of significant temperature variation is therefore 
less than 
Thus the perturbation correction may be expected to be small in comparison 
with the un~erturbed solution when 3 /D( t. - "(, )/R3 is small in 
0 
comparison with unity, which will be the case if D is sufficiently small. 
The perturbation correction must vanish when 8 vanishes (e.g. for 
0 
't < <::: ) because of the boundary and initial conditions on the 
0 
perturbation equation, 
For the growing bubble, ''(;. - l: 
0 
;: R4 ( t) ( t - t 
0
), so that 
3 VD("t - "(, ) 
__________ __.o..__ < 
R3 
3 ylD(t - t ) 
0 
• 
R 
0 The significant heat transfer for the 103 bubble begins at about 
t
0 
= .15 millisec. The bubble radius is 2 x 10-3 cm about ,06 millisec 
later. Taking D = 1.9 x 10-3 cm2/sec, this gives 
3 Jn(t - t ) 
0 
R ~ .50 
0 
near the beginning of the 103 bubble growth. The ratio drops asymrtotically 
to .20 at later times. Thus within the boundary layer, the perturbation 
paramete~ (r4 /R4) - 1 is certainly smaller tr.an • 5 0 during the time of 
significant heat exchange at the bubble waJ.l.. For larger-initial superheats 
- 35 -
the bubble grows faster, and the ratio is accordingly somewhat smaller. 
3 JD ( 1- - "C ) 
0 is For the collapsing bubble considered here, the ratio 
much smaller than unity except noar the. point of collapse• 
When the thin therual boundary layer assumption is valid, one may 
approximate the perturbation parameter by 
( 
3m '\ 4/3 Im 
1+3) -1zRJ 
. R 
within the region of significant heat transfer, and to a first approximation 
neglect the o2u1/ax
2 term (which vanishes in any case at the bubble wall) 
in comparison with the a2u /nx2 term within the rerturbation solution 
0 
integrals. Thus, the perturbation temr erature correction at the bubble 
wall eq. (17) beccces approximately 
=--1:;.... _ rr; I I 
l4Tii5 ,IQ 
or by eq. ( 14; , 
2 
x 
- 4D( t:: - -:' ) 4x 
xe -' -
R3 
j~ 
0 
2 
x 
3 - 4D (-C - ) ) dx 
x e 
Interchangingthe order of the last two integ~ations gives 
r-> 
; I 0--;1)n ) __ d ~ 
v0 ('t' - j )2 • 
(19) 
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According to eqs. (21, (11), 
(20) 
is proportional to the rate of increase of the mass of varor within the 
bubble, in terms of the time variable 
'c = J 
0 
t R4 ( t) dt. 
F(t) is therefore negligible until a time t = t or --C = rL, when the 
0 0 
radius ~f the bubble begins to change, so that the lower limits of 
integration in eq. (19) may he taken to be f = ~ = "(. instead of o. 
J 0 
For the collapsing bubble, I F(t.) I is itself an increasing 
function of '0 • For the expanding bur·ble, R ~ C /t as t -+ oo (see 
Eq. IV(62)), so that after an initial increase F( 0) eventually tends 
-1/2 to zero as 1::', ; h<:'Wever, f0r a reasonable choice of (:' , the product 
0 
\/t - "(. F(1':) in this case bec.omes an increasing function of 'G • 
0 
Hence, the perturbation temperature correction given by eq. (19) is 
bounded by 
( /V ) 8D I "i 
-e1 o, c = 1T 
J '°Co 
< 8D 
- 1T 
Jf="}; d ~> 
R3(~ ) 
• -../1. - ~ 
F(~) • v' ~ - ~ d-~--) ('( - s )2 v 5 - '0 0 
1 ·~ v'~ - f d ~ '- o CL' - S )2 J,....~---'1::-o 
(21) 
for the expanding bubble, or its negative for the collapsing bubhle. The 
last integtal in (21) can be transformed by the chunge of variables 
to 
=( 'S -G0 )3/2 J:1 c::. _ 't: ,rx ax 
0 0 / 1 - x 
'IT 
=2 
3/2 
(0 < x < 1) 
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giving for (21 ) 
r 't ( ~ _ l: ) 3/2 I 91(0,'t)I < 4D) 0 
- '( 'L.-'Lo 
0 
/ 
By (20), this may be 'Written as 
't ( ! - 't 0 \ 3/2 4DL le1 <o,t::)I :s. 1
0 
't - 'Lo) 3kRJ ()) 
r't J-s - L: d -s 4DL/' 0 eq 
= Jc. ('t - "'( )3/2 • 3k 0 
0 
!FcS»ld~ 
R3 ('.;') • 
jd[R3 (1)...Peg] I ~ 
d ~ d 
d ln(R3 ('!j') / ] 
eg 
d ln( j - z-0 ) 
(22) 
or if ~e neglect the variation of p (T) in comparison with that of 3 ../ eq 
R in the estimate, as 
For water, the factor 
4DL f' 
eg 
3k 
d ln R3 ( S) 
dln( ) -'1:'..
0
)• 
( ) 0 0 0 0 in 23 has the value .066 C at T = 50 C, and .50 C at T = 100 c. 
(23) 
In the case of the collapsing bubble, the ratio of logarithmic 
derivatives in (23) is small except near the point of collapse, when it 
increases rapidly in absolute value. Since 
for C:: 
0 
< S < ·t , a crude bound for j e1 I ftJr the collapsing bubble is 
4DL .o 
< , eg 
3k 
4DL o 
- - eq 
- 3k 
l 't'. j) d ln( J -?: 
ti ' 3 ) I R 
1 0 
ln \. R3 • (24) 
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This has about the value .o?0 c x 6.9 ~ .5°C fnr the bubble considered here 
when the bubble radius has dropped to 1/10 of its initial value, which is 
farther than the collapse was actually followed (see Fig. 11). However, 
the actual temperature rise (see Fig. 12) at the end of the tirue period 
0 
considered was 40 c, in comparison with which the perturbation correction 
estimate is completely negligible. 
For the expanding bubble, the ratio of logarithmic derivatives 
appearing in eq. (23) vanishes at ) = r-c , rises to a maximum of less 
0 
than .75 at some value of ! > 'l:
0
, then drops asymptotically to the value 
1/2. The decrease after the maximum is sufficiently gradual that it can 
b d . (..p _ ,..,, )c 1 f Thu e orru.na ted by a factor ) v for a small va ue o c.. s , a 
0 
bound on le11 for the expanding bubble is given by 
4DL~ 
< eg 
3k 
4DL ,_? 
< / eg 
3k 
4DL _,<J 
- eg 
- 3k 
l'" 
0 
("G -
1 
3/2 - c 
d ln R3 (t:') 
d ln ( "(, - re, ) • 
0 
(25) 
Taking <::; for the 103° bubble to correspond to t = .15 millisec (see 
0 0 
Fig. 7), we find for the ratio of logarithmic derivatives in (25) a 
maximum of .71 at t ~ .19 millisec., ~nd the value c. ~ .15. The bound 
on le1 I thus has a maximum of about .26°c at .19 millisec, and drops 
asymptotically to .18°c. For the 106° bubble (Fig. 9) the choice t = 2S 
0 
microsec. gives a maximum ratio of .74 at 34 microsec. and the value 
c. = .25. Since 4DL.f>e /3k = .6o0 c at 106°c, the bound on !e1 I for the 0 q 0 0 106 bubble has a maximum value .36 C and an asymptotic value . 24 C. 
The conclusions drawn from the analysis above of the perturbation 
parameter, and from the bounds derived for the perturbation temperature 
correction at the bubble wall, are thus in agreement. They indicate that 
the thin thermal boundary· layer assumr-tion is valid when the vapor bubble 
grows or collapses rapidly, and also may be considered valid when the 
bubble is nearly in equilibrium. The assumption becomes somewhat critical, 
in the case of water above its boiling point, when the bubble growth occurs 
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at an intermediate rate - sufficiently rapid that significant heat transfer 
occurs at the bubble wall, but slow enough for the liquid to partially 
adjust to this transfer. The error incurred at this critical stage, 
however, does not amount to more than a few tenths of a degree, and remains 
a small fraction of the actual temperature. It is sufficient, therefore, 
to use the unperturbed temperature solution in the dynamic problem, at 
least for the case of water. 
In terms of the original time and radius variables, the unperturbed 
temperature solution (13) is 
9 (r,t) = T(r~t) - T = -j! 0 . 7 ~ -
TT 
x exp I-
L 
which reduces at the bubble wall to 
9 (R,t) 
0 
2 aTj 
- 1·t R (x) ar dx j Q .r=R(x) 
TT o I lt R4(y) dy 
x 
• 
The temperature gradient at the bubhle wall is given in terms of the 
evap~ation rate by eqs. (1J, (2J, so that for the present problem, the 
unperturbed solution becomes 
9 (R t) = - .1... IQ 
0 , Jk I TT /~ t dd (RJ ,o ) dx x , eg • (26) 
Diffusion Solut~. 
It is of interest to compare with the convection solution 
presented above, a diffusion approximation (for the identical physical 
problem) proposed by Forster and Zuber. (?,14) This approximation may 
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be developed in the following manner.* 
The heat equation (5) for an incompressible fluid may be written 
(27) 
In this form, one may identify the last term on the right as representing 
the rate of heat influx into an elementary volume fixed in space due t~ 
transpprt by the fluid. If the fluid velocity is sufficiently small, 
the transport effect may be neglected in comparison with conduction effects, 
represented by the first term on the right. With this neglect, the equation 
becomes a diffusion equation, 
(D = --1L.). 
..0 c 
./ v 
The initial and exterral boundary conditions for eq. (28) 
(28) 
e(r,O) = e(C<.1, t) = o (29) 
are the same as for t.he convection equation. The boundary condition at 
the moving vapor bubble wall 
(.30) 
is also the same, but becomes extremely difficult to arply in Eulerian 
coordinates, and some sort of physical or mathematical artifice must be 
resorted to if a solution in closed form is to be obtained. The approach 
'fO the problem giv~n by Forster and Zuber consists of treating the heat 
~xchange at the bubble wall as though it were due to a moving spherical 
heat source (for the collapsing bubble, or a heat sink for the expanding 
bubble) in a stationary infinite fluid. 
* The presentation given here is not that of the authors. The 
original presentation of Forster and Zuber {ref. (7)) is quite brief; 
the second (ref. (14)) by Forster purports to give a more detailed 
treatment of the rroblem, but actually treats a different problem. 
Neither paper gives an adequate analysis. 
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They start with the elementary 
[ 
_ (r-r 1 ) 2 
e 4Dt - e 
4rrrr 1 JIT'i5t 
solutirn* 
(r+r' )2 J 
4Dt (31 ) 
of equations (28), (29) for the temperatu~e difference 9 in the fluid 
at any radius r and any time t > 0 due to an instantaneous spherical 
heat source at r = r', t = o. The total heat liberated is 2JJ cvQ• 
This is to be related to the quantity of heat transferred out of the 
bubble by condensation during a time interval dx while the bubble radius 
is r 1 = R(x). The actual heat h transferred out of the bubble at 
time t = x is given by the right side of eq. (30). 
h = -L ..Q_ [it TT R3 (x) ,£J ] ax, ax 3 / eq (32) 
and this is also the heat transferred into the liquid at t = x. In 
accordance with the Forster and Zuber assumption of an infinite medium, 
however, the elementary heat source as s ociated with the solution (31) 
releases its heat not only to the fluid outside the shell r = r 1 , but 
also to that part of the fluid inside the shell. At the instant of release, 
half of the heat appears inside the shell. Therefore, if the solution 
(31) is to correspond to the heat release outside the shell at the moment 
of liberation, the h of eq. (32) must be equated to only half of the 
total heat liberated, giving 
Q = _.h_ = _ 4TTL ..£.. (R3 ,0 ] ax. 
jJ CV 3 ;°CV ax / eq (33) 
This choice introduces an error at later times in the final 
solution for two reasons: First of all, the heat flowing through a later 
shell is no longer just that due to condensation at that time, but still 
has a contribution from the heat diffusing outward from the shell r = r 1 • 
This relaxation effect is minimal if the radial velocity of the bubble 
wall is large, and/or the thermal conductivity of the (stationary) fluid 
* Eq. (31) is readily obtained by the operational methods already 
used. It differs from the standard solution given bY Carslaw and 
Jaeger, Conduction of Heat in Solids (Oxford Univ. Press, 1947), P• 219, 
by a factor of two because of the choice 2 .P c Q, rather than ,,.o c Q, 
tor the total heat liberated. The transform ofv(31) is given below.v 
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is small. Unfortunately, these are not the conditions of validity of the 
diffusion model. Secondly, there is still the contribution to the heat 
content of the liguid at later times by the heat liberated within the 
shell r = r 1 • The heat released within the shell ultimately reverses 
its direction of flow and adds to the heat content outside the shell. 
This effect can be eli minated by a simple device to be described below. 
Elimination 0£ the relaxation effect is a more involved matter. 
The Forster and Zuber solution is obtained by replacing t by 
t - x in eq. (31) (corresponding to a heat release at t = x, rather 
than t = 0) and r' by R(x), using (33) to define Q, and integrating 
the result over all sources from x = 0 to x=t, This gives for the 
temperature difference at the bubble wall r = R(tJ, 
d 3 
L ~ t di (R .,;? ) dx 
9(R,t) = - --------) eg 
3 / c VTfi5 o R ( t ) R (x) v;;::x 
, v 
\ _ [R(t) - R(xJ1 2 )( le 4D(t-x) 
- e 
[R(t) + R(x )J 2 7 
- 4D(t-x) J 
• 
(34) 
Assuming that, for the dynamic problem under consideration (the growing 
bubble), the second exponential in (34) can be neglected and the first 
replaced by unity, Forster and Zuber further reduce the above equation 
to the form* 
9(R,t) L = - ---------
3 / cv VnD J 
t dxd (R3 /> ) dx 
eg 
o R(t) R(x) ~ • 
(35) 
A somewhat different ap1roach to the diffusion problem with 
the moving boundary, for which the difficulty connected with the heat 
release inside the boundary does not arise, is the following: Let it 
be supposed that at t = o, a (mathematical) shutter opens at r = rt, 
such as to pass through the shell a prescribed quantity of heat h, then 
instantaneously closes again. The effect of t he moving boundar;~.r can then 
be obtained, as above, by integrating over successive shutters at 
r' = R (x) , 0 < x < t. 
* Both papers by Forster attempt to justify the formula (35) as an 
approximation to the solution of the diffusion problem, and then as an 
approximate solution to the convection problem. The convection approxi-
mation (26) was already available, and, in fact, referred to in both 
papers. 
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The "shutter condition" can be obtained by noting that the heat 
flow through a surface element bounding the fluid is determined (as for 
the convection solution) by the temperature gradient there. The 
appropriate boundary condition for a shutter at r = r 1 , t = 0 will thus 
be of the form 
- ill?I =Q's (t). or 
r=r' 
(36) 
The constant Q1 can be related to the heat h passed by the shutter 
by a determination of the total heat outside the shell at a later time 
(t > o). 
The system of equationsto be solved is 
v2e = 1 oG (r > r')' Dot 
(37) 
e (r ,o) = e ( oo , t) = o, ~~I = -Q' S ( t). 
r=r' 
By putting w = ~ [el and taking the Laplace transform of the system 
with respect to t, one can reduce it to an equivalent system 
w( oo , s) = o, 
with solution 
d2 (rw) - !! (rw) , dr2 - D 
dwl __ Q', 
dr r=r' 
• 1 
F e 
- (r-r') J~ 
l 
r 
...., 
The heat liberated outside the shell r = r 1 is given by 
(r > r'). 
(38) 
i.e. 
so that (38) becomes 
which has the inverse 
Q = ~~~---h~~~ 
4TT,;O cvrr 1 vnDt 
- 44 -
1 
. -
r 
transform 
[ .- 2 'r-r 1 ) . 4Dt 
-(r-r' )~ 
e 
1 + r'A 
Dt - (!:..... - 1) 
- \,/i!"Dt r'2 r' f [~ + r - r' 1} 
r 1 e er c 1 , • r J4Dt 
(39) 
(40) 
The anal~gue of the moving source solution (34) can be obtained 
from (40) by again writing t - x for t, R(x) for r 1 , R(t) for r, 
using eq. (32) for h, and integrating over x. The moving shutter 
analogue is thus 
_g_ (R3 p ) dx dx ./ eg 
R(x) R(t) vt=i 
~Cf:il R2(x) R x f D(t-x) + Rf t~ _ 1 [ 
- R(x) e er c 
[ 
_ [R(t~-R(x)J 2 _ 
4D t-x) 
e 
v'n~t-xJ 
Rx) 
+ R(t)-R(x) -1, ( • 
J4D(t-x) J 
(41) 
This solution has, of course, the same difficulty with the relaxation 
heat flow that the moving source solution has, but the problem associated 
with the heat flow from within the moving boundary has been eliminated. 
It is possible, in principle, to eliminate the relaxation heat 
flow from the shutter solution by using the correct boundary condition 
at the bubble wall. This can be done, for instance, by leaving h 
undetermined in (40), but summing the gr~dients of the elementary shutter 
~o1utions over the variable x to obtain the temperature gradient 0£ 
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the final solution in terms of the unkno"1Il differential h(x). By using 
eq. (30) to specify the temperature gradient at the l?µbble wall, one 
obtains an integral equation to be solved for h(x). The same procedure 
can be carried out for the moving source solution, leading again to an 
integral equation for h(x). It is apparent, however, that a more 
appropriate procedure would be to return to the original equations and 
to attempt to solve them, using the ccrrect boundary conditions from the 
beginn:i ng. 
The moving source solution (34) and the shutter analogue (41) 
differ from one another in the last terms of the respective integrands. 
Since this difference accounts for the false heat flow from within the 
interior of the bubble in the case of the moving source solution, it may 
be expected to become important whenever relaxation effects become 
important• i.e., when the thermal diffusivity of the fluid is large. This 
may be verified indirectly by showing that the solutions become identical 
when the diffusivity is small. (A direct verification will be given 
below for the case of the growing vapor bubble.) Perhaps the easiest way 
to show this is to examine the Laplace transforms of the respective 
elementary solutions. If the transform of (40) is denoted by w, as 
above, and that of (31J by u, one has 
• * [ e -(r-r ' ) ~ '1 
1 + r 1 ..{E ... (r > r 
1 ), 
I/[ 's -lr~r' y D -(r+r') Jo 
e - e (r > 0). 
In the equation for u, the substitution Q = h/,.? c has been made. / v 
It will be observed that for r > r'_, r'~ >> 1, both reduce to the 
h 
-(r-r 1 )~ 
e 
rr'~ 
form 
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which has the inverse transform 
h e = ~~~~-=--~~~ 
4Ycv rr 1 VrrDt 
e 
2 
_ , (r-r 1 ) 
4Dt 
• 
The contribution to the boundary temperature by this elementary solution is 
L e - - ~~---~~ 
3p c Vrri5 
I V 
! (R3 ~09 ) dx 
R (x) R ( t ) Jt=i e 
[R(t)-a~x2J 2 
4D(t-x 
i.e. the leading term of the solutions (34), (41 ). 
, (42) 
The solution (42) is a valid a1proximation to (34) and (41), 
however, only for small D. For large D, the remaining terms in (34), 
(41) become important; as D tends to finity, the integrands of both 
(34) and (41) tend to zero, in fact, for x ~ t. Eq. (42), on the other 
hand, tends to the Forster and Zuber approximation (35) with large D. 
It is to be concluded from this that the Forster and Zuber approximation 
is never a valid approximation to either of the diffusion solutions 
(except in the case of a quasi-stationary bubble R(t) ::: constant). When 
it is permissible to neglect the second exponential in eq. (34) in 
comparison with the first, the first exponential cannot be set equal to 
unity; and when the first exponential appr~ches unity, so does the second. 
General Comparison of the Convection and Diffusion Solutions. 
The temperature solutions presented above have not been restricted 
thus far by a radius-time relation, and so may be compared for any 
assumed behavior of the boundary consistent with the heat problem (such 
as may be achieved, for instance, by keeping the temperature of the bulk 
liquid at T
0 
but varying the external pressure). 
For a growing bubble, the convection solution (26) predicts a 
temperature drop at the bubble wall which varies inversely as the square 
r.oot of the thermal diffusivity D of the liquid, other factors (such 
as the specific R(t) behavior) being held constant. The diffusion 
solutions (34), (41) predict a smaller drop than the convection solution 
for all D. The discrerancy becomes most marked for small D, when the 
convection drop becomes large but the diffusion drops tend (depending 
upon the law of growth) to vanish. 
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These predictions are qualitatively understandable on the basis 
of the physical models involved. In the case of the convection model, 
the heat source (or sink) is always located at the same fluid elements, 
those at the bubble wall. Thus, a decrease in the diff'usivity has the 
effect of concentrating the region within which significant heat transfer 
occurs nearer to the boundary, and correspondingly the temperature drop 
will be greater there (if the bubble is growing, or the temperature 
rise greater there when the bubble is collapsing) for small D than for 
large D. In the case of the diff'usion model, on the other hand, the 
fluid remains stationary while the heat source sweeps through it. A 
decre~se in the diff'usivity here may ultimately be expected to have the 
effect of insulating the successive elementary sources from one another, 
such as to prevent any accumulation of heat from taking place. 
llhen the diff'usivi ty of the fluid is large, the relative import-
ance of convection effects in comparison with diff'usion effects should 
diminish. As has been pointed out above, the discrepancy between the 
convection and diff'usinn solutions is most marked at low, rather than 
high values of the diff'usivity. However, both the convection and diff'usion 
solutions presented here cease to be valid when the diff'usivity is too 
large, so that a comparison in the limit of large D is not meaningf'ul. 
Comparison for Free Bubble Growth. 
When the bubble growth is not forced by external pressure 
variations, it becomes limited eventually by the heat transfer at the 
bubble wall. The physical relations holding in the heat-limited growth 
will be discussed later,* but may be briefly related here. The 
evaporation at the bub~le wall necessary for bubble growth forces the 
temperature of the liquid there down toward the boiling point of the liquid 
at the external pressure. If the boiling point is denoted by Tb' and 
the temperature of the bulk liquid by T , the late growth of the 
0 
bubble must then be such as to satisfy the asymptotic relati~n 
* 
~ - - (T - T ) • 
0 h 
See the discussion cf the asymptotic phase of bubble growth in 
section IV. 
(43) 
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For every temperature solution presented here, the relation (43) restricts 
the late bubble growth to a law of the form 
R(t) -CyJt as t -+ oo • (44) 
The rate of bubble growth is then essentially specified by the value of C. 
Let the parameters S, A be denoted by 
,/' c /IT (T - Tb) 
s - v 0 
- L/eq(T.t;) 
A= __::C:.,__ 
v4n 
(45) 
Theri S is related to A l:y an equation of the form 
s = I ( A), (46) 
where I(/\) denotes the temperature integral involved. For the con-
vection solution (26), I( A) is given by 
for the moving source solution (34) by* 
I(/-)= ~11 dx 
0 ~ 
2 ~ ).2 ) 
= 4 X fTi (_ 1 - ). ./IT e' erfc (/\) J , 
{ 
4)2 Vrr ( 1 - >. vn + ••• ) as 
2 Vil ( 1 - ....L + • • • ) as 
2>i2 
for the moving shutter solution (41) by 
* 
(D -+ oo) , 
(D -+ O); 
The integrals (47b), (47c) are evaluated in Appendix B. 
(4?a) 
(47':J) 
dx 
-x 
-~ ~ 2A v7 
2i /U (1 
2 Vn (1 -
>. 
--+ 
Vrr 
_g_ + 
)..2 
erfc [ _L_ ~+A~]]· 2/\ x f~ 
. . . ) as A -+ 0 (D -+ oo) , 
... ) as (47c) 
and for the Forster and Zuber approximation (35) by 
I()J =). J 1 __iL_ = 2 A. 
0 11=~ 
(47d) 
It will be observed from (47b), (47c) that the moving source 
solution and shut ter solution become asymptotic~lly equal in the region 
of large A (1..e~ of small D, for a given valo.l.e of C), but differ by 
a factor of two when A is small(D large). This factor of two is to 
be attributed to the contribution to the heat content of the liquid by the 
false heat flow from within the bubble surface, which occurs in the case 
of the moving source solution (47b). This just doubles the expected 
content (and temperature difference) for large D.* It may also be noted 
that the Forster and Zuber approximation (47d) behaves differently in 
all ranges of )\ from the moving source solut!on (4 7b) which it is suppased 
to approximate. 
Physically 9 bubble growth with a gh·en value of C but various 
values of D can be obtained by cl:.oosing liquids with differing thermal 
diffusivity, and adjusting the superheat in each to give the specified 
rate of growth. If one concentrates on a given liquid (with fixed D), the 
parameter which varies with the superheat becomes c, so that the analysis 
of the various temperature solutions for a given liquid is to be made on 
* The actual heat content here is negative, corresponding to the 
heat loss from the liquid at the surface of the growing bubble due to 
evaporation. 
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the basis of the dynamic situation which occurs in the respective· physical 
models, and its dependence on the superheat. 
When the law of growth (44) , a p:plies , the t empera ture at the 
bubble wall has dropped practically to the boiling temperature of the liquid 
at the external pressure. The bubble growth is maintained by a differential 
temperature (and therefore pressure) effect which v~nishes with the radial 
velocity of the bubble wall, and which is negligible in comparison with the 
temperature difference T - Tb.* The physical constants /.J, c , L, ,<:> 
o ./ v I eq 
and D characteristic of the liquid may here be given their values at the 
boiling point Tb' The asymptotic rate of bubble growth (the constant C 
in eq. (44)) for a given model is then determined by the relations (45), (46) 
and the superheat T
0 
- Tb of the bul~ liquid. 
The thermal relaxation effects which make the boundary condition 
at the bubble wall inaccurate, in the case of the dif:f\J.sion solutions, become 
important if the bubble wall moves too slowly. Since I(.A) is in all 
cases an increasing :f\J.nction of A , this means (according to eq. (46)) 
that the dif:f\J.sion solutions do not represent the dif:f\J.sion model at low 
superheats. At larger superheats, these solutions become adequate representa-
tions of the dif:f'u.sion model. But since the radial velocity of the bubble 
wall increases with the superheat, the dif:f'u.sion model itself becomes non-
physical at larger superheats. 
The adequacy of the convection solution may be determined from 
eq. (25). \1hen the asymptotic law of bubble growth (44) applies, the ratio 
of logarithmic derivatives appearing in (25) is equal to 1/2. The perturbation 
correction to the convection solution (26) is therefore not larger than 
about .2°c for water, and accordingly is negligible for all but the lowest 
superheats, once the vapor bubble growth has reached the asymptotic stage. 
One may therefore consider the convections elution to be accurate in this 
phase of bubble growth. 
A plot of the values of C predicted by the convection solution 
(47a) _and the moving shutter solution (47c) for varying degrees of superheat 
T0 will be found in Fig. 2, for the case of water at one atmosphere external 
* If the differential temperature effect were ignored, the bubble 
growth required by the theory would appear paradoxical. 
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pressure. The parameters /.? , c , L, ,o and D have all been given / v / eq 
their values at Tb = 1co0 c. The temperature integral (47c) for the 
moving shutter solution was integrated numerically. The breakdown of the 
diffUsion model for ~ater is clearly sho~ in Fig. 2. The diffUsion model 
predicts an explosive bubble gro~h at only .7°c superheat, and affords 
no asym[ totic solution at all above this, 
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Fig. 2 - Asymptotic rate of bubble growth C (corresponding to the growth 
law R,....., Cyt) predicted by the moving shutter diffusion solution 
and the convection solution for water at 1 atm. external pressure, 
as a function of the water superheat temperature T • 
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IV. THE DYNAMIC PROBLEM 
The equation of motion of the vapor bubble wall is given by 
eq. II (68), 
" 3 ..-.2 Peg (T) - Poo 
RR + - rt = ---------~-
2 //11q 
2 er~ 
.c.J R ' 
I liq 
(1) 
• 
where R denotes the radius of the bubble wall at time t, R the radial 
velocity and R the radial acceleration. The initial conditions for the 
bubbles considered here will be that the bubble starts from rest with 
radius R , 
0 
R(O) = R , 
0 
R(O) = o. (2) 
In the case of the growing vapor bubble, it will further be assumed that 
the bubble is initially in (unstable) equilibrium, in which case the radius 
R
0 
becomes determined by the equation of motion. For the collapsing bubble, 
equilibrium conditions will not be assumed, so that the initial radius 
remains in thiB case arbitrary. 
The surface tension parameter J ...... and the density / of the liquid 
will be assumed constant, and equal to their values at the initial liquid 
temperature T • The external pressure will also be assumed constant. 
0 
The equilibrium vapor pressure of the liquid p (T) at the temperature T 
eq 
of the bubble wall cannot be assumed constant, however, since it is the 
pressure difference p - p appearing in eq. (1) which supplies the 
eq ""' 
driving force for the expanding bubble, and this has been assumed to be 
in initial equilibrium with the surface tension. For the case of the collapsing 
bubble, the temperature at the bubble wall rises sharply near the point of 
collapse, and the corresponding rise of vapor pressure within the bubble 
may be expected to influence the rate of collapse. 
The dependence of the equilibrium vapor pressure on temperature 
can be taken from equilibrium vapor ~ressure tables, so that p (T) 
eq 
may be assumed to be a known function of the temperature at the bubble wall. 
The equation of motion then becomes determinate when the bubble wall 
temperature is specified in terms of the parameters of bubble growth or 
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collapse. This specification will here be assumed to be given by the 
unperturbed convection solution, eq. III(26): 
J t -¥- (R
3 
,/J ) dx 
ox eg (3) 
where , by eq. III (3) , the temperature at r = cxi is 
D T = T + - q(t) 00 0 k , (q(O) = O). (4) 
The equilibrium vapor density / ,:; appearing in (3) is, like the vap·or 
eq 
pressure, a known function ~f the temperature of the bubble wall. The 
function q(t) in eq. (4), which represents the accumulative effect of·· .thermal 
radiation absorbed by the liquid, may be taken to be a linear function of 
time. Its effect is to initiate the growth of the equilibrium bubble (by 
raising the vapor pressure), but its influence is extremely transitory and 
the term will be neglected once the bubble growth has begun. It will be 
omitted from the equations of motion for the collapsing bubble. The 
parameters L, k and D (= k/ tJ c ) appearing in (3) or (4) will be taken 
.' v 
as constant, and equal to their values at the initial liquid temperature T0 • 
The error incurred by the neglect of the variation of L, ~? , 
D, etc., with temperature is not significant in the case of the expanding 
bubble, because of the small temperature variation which occurs (essentially 
the initial superheat T
0 
- Tb). The error involved may be larger for the 
collapsing bubble, depending on the initial temperature and the initial 
bubble radius, but is not as serious in this case as the failure of the 
basic assumptions that the liquid is incompressible and that the bubble 
remains spherical. The trend of the physical quantities which describe· the 
collapse of the vapor bubble is the same, whether L, D, etc., vary or not, 
however, and is given correctly by the analysis to follow. 
In terms of the colk-Btants 
(5) 
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-1 0 (which have the dimensions sec , C respectively), we may define a set of 
dimensionless variables 
c 5 = 
/':?eg (T) 
,e;, (T ) ' / eq o 
l 
in terms of which the system of equations to be solved becomes 
_61 _ddz [z 7/3 (~)2] + ~ + ¢ = 0 
du z1t3 ' 
¢ = ¢(T)' 
- d 
D '-!) ··· u - ( ;:: z) tlv 
T = T + - q - l I gy___J___ , 
0 k .. ) J /. 
0 vu - v 
S = 5 (T)o 
The initial conditions for (7) are 
z = 1, ~- 0 du - ' at u = o. 
The physical quantities we eventually wish to find are 
and 
R ( t) = R z 1 / 3 , 
0 
D 'f Ju T =To+ k q - J o 
, 
• 
then given by 
l 
r 
(6) 
(7) 
(8) 
(9) 
(10) 
(11 ) 
(12) 
- 56 -
The Expanding V&por Bubble. 
The pure vapor bubble which is to grow in a superheated liquid · is 
assumed at some stage of the superheat to be in unstable equilibrium under 
the effects of surface tension, vapor pressu.re and external pressure. The 
bubble growth begins as a result of further superheating, which increases 
the vapor pressure and upsets the equilibrium. The condition for equilibrium 
at the time of release of the bubble t = 0 is that R(O) = R(O) = o, and 
hence by eq. (1 ) that 
Eq. ( 13 ) fixes the initial radius R 
0 
of the bubble. 
(13) 
As has been noted 
previously, the nucleus from which an actual bubble greys is not necessarily 
2 
spherical, and its surface energy rnay be aprreciably less than 4rro-'R
0
; 
however, the nucleus from which an actual bubble grows and the free spherical 
vapor bubble of radius R are both in unstable equilibrium with respect 
,.., 
to growth at the temperature T and external pressure p • Table II (p. 65) 
0 co 
gives a set of values of R for various superheat temperatures in water 
0 
at an external pressure p of 1 atm. From the definition of ¢(T), eq. (6), 
co 
or the differential equation (7), the equilibrium condition (13) is 
equivalent to the condition 
¢(T ) = - 1. 
0 
(14) 
As the bubble grows, the temperature at the bubble wall decreases 
tovard the boiling point. Inasmuch as liquids will ordinarily support only 
a few degrees of superheat, the temperature variation involved in the growth 
is small, and an approximate expression for the defendence of vapor pressure 
on temperature will suffice. For p = 1 atm., a close fit to equilibrium 
co 
vapor pressure data for water between 100°c and 110°c can be obtained ry 
taking 
p (T) - p 
eg co 
// 
(15) 
with Tb= 100°c for water, and A= 40,soo c.g.s. units. By combining (15) 
with (5), (6), (9) and (13) or (14), one obtains for ¢the relation 
- ¢(T) = 1 + AD 
R2 a2 k 
0 
A 
q - 2 2 
R a 
0 
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d 
- { s z) dv dv ) 
vu - v • 
The term involving q in eq. (16) is extremely small, and 
(16) 
therefore of importance only for a minute portion of bubble growth; it upsets 
the initial equilibrium. For a temperature rise of 1°c/min in the liquid, 
this term is of order 10-8 , and it will be neglected once the bubble growth 
has begun. T~ fix the model, we shall take 
D . k q(t) =at, 
corresp0nding (see eq. (4)) to temperature rise of 1°c in~ sec. in the 
liquid far from the bubble. Then from eq. (12), 
q(t) =1- J'OU 
where the constant 
- ___M_ 
- R2 a3 • 
('\ 
In keeping with the above discussion, eq. (18) may be approximated by 
AD 'Y 
---=2- q(t) = /\. u. 
R2 a k 
0 
(17) 
(18) 
( 19) 
(20) 
Because of the small temperature range occurring for the expanding 
bubble , we shall further approximate ~ in eq. ( 16) by unity,* and write ) 
eq. (16) as 
- ¢(T) f·u z 1 fv) dv = 1 + -X.u - u ~ , 
/ j o /u - v (21 ) 
* f. = 1 ( ,o (T) = /:J (T ) ) S / eq , eq o The error involved here in setting 
may be estimated from the results given below for the temperature variation. l..!.j z' It is found that the ratio ~ ;- remains less than 5 per cent at any 
time for the growing bubbles considered here. This ratio is identically 
the ratio of va~or velocity to liquid velocity at the bubble W'dll, which 
has been discussed previously. 
where ( ) _dz zl v ..,... dv and 
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_il_ 
2 2 • R a 
0 
The system of equations for the growing bubble thus simplifies to 
1 d 7/3 2 1 'l.t'u _ Ju z' dv 
- - [z Z I ] = 1 - --:;-;;:; + ,._, 6 dz z 1I3 r 0 /u _ v 
z' = o, z = 1 at u = o. 
(22) 
(23) 
A solution to eq. (23) will be fo~1d in four parts, corresponding 
to four (overlapping) phases of bubble growth, which may be labeled the 
"relaxation period", "early phase", "intermediate phase" and "asymptotic 
phase". 
Relaxation Period. 
Since the bubble growth starts from equi~ibrium, we shall put 
w 
z = e , (24) 
and assume that initially w(u) and its derivatives are small. On neglecting 
the second or higher powers of w, w1 , ••• , or products of such terms, one 
may rewrite eq. (23) in an approximate (linearized) form as 
w" (u) - w(u) = 3 }'_ u - J,,u.- /u w' (v) dv 
/ Jo (u - v 
w(O) = w1 (0) = o. 
-, 
I 
I 
! 
J 
By putting y(s) = ;:: [w] and taking the Iaplace transform of 
(25) with respect to u, one obtains for y(s) the equation 
s 
2 y ( s ) - y ( s ) = J. { - 3 /u... sy ( s ) • ~ , 
s ,' J s 
(25) 
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whence 
3)., 1 
y(s) = ~ 2 • 
s s -1+Jr/rr8 
(26) 
In order to match a later solution, we shall be mainly interested 
in the asymptotic form of the S(llution C'\f (25) as u ... oo , obtainable 
from the expansion of (26) about the singularities of y(s). It is possible 
to obtain a solution to (25) in closed form by the means described below, 
and also to write a series expansi~n of w(u) in powers of u from the 
Laurent expansion of (26) about s = o, although these will not be used here. 
The roots Js = 1fj3 , say, of 
s
2 
+ 3JL v;;s - 1 = 0 (27) 
correspond 
in partial 
to si!llr,le poles of y(s). Eq. (26) may therefore be expanded 
fractinns us1.ng the factors indicated in (27 ). For a given ro<rt 
Vs= vp, one obtai ns terms of the form 
multiplied by con8tant complex co~fficients. By the use of the Laplace 
inversion integral it may be shown that 
lr - 1 ] = ~1TU1 + 173- e~u [1 + erf( ~)] ;-; - i/j3 yuu 
for all complex ~' and hence that for 
~ < larg ~I < rr, 
I 
(28) 
(29) 
(29) vanishes as u ... oo • It follows that the behavior ef "W(u) as u -+ oo 
is determined by t hose singuldrities of y(s) for which 
larg v'SI < !!. 4• (30) 
Actually, there is but one root \/; = /(i of (27) satisfying condition (JO) 
for O <r < oo , and this root is real. 
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The residue ~f y(s) at s ~ is given by 
3)._ 1 
-------A2 .r.: I 213 + J.A yTT 
2 V;3 
or since;(!> satisfies (27), by 
Hence as s -+ f , 
so, that as u -+ oo, 
3 'X. 2,& 
132 3p2 + 1 
w (u) ,.., ----6--J:...___ _ 13 (3132 + 1) 
• 
(31 ) 
where, again, 1'3 in (31) is that root of eq. 
Alternatively, eq. (31) may be written 
(27) satisfying condition (JO). 
as w -+ co • 
Since the transform 
._j) [ 1 '-f ~~ f'J u w' dv J- --F . r= 
cA_ T - Tod = - ) '"'- L = - :; y rrs y (s) 
o ../u - v 
is asymptotic to -S'~ y(s) as s -+ /J , it follows that 
I 
T - T 
00 
- - S /Tifi> w ( u) as u -+ oo • 
Moreover, to the degree of approximation used in the linearization, 
u = at, l 
~ 
R J w = 3('R - 1). 0 
(32) 
(33) 
(34) 
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From (31), (33) we thus obtain the relations 
R - R 0 
(35) 
T - Tc- + at - 3) Jrr} (~0 - 1) • (36) 
By defining a time t
0 
by 
(37) 
one may write eq. (35) as 
a JS (t-t ) 
R-R[1+e' 0 ]. (38) ,, 
Thus the bubble radius remains practically equal to R until the time 
0 
t . ~ t - 113 when it begins to increase, reaching 2R at about t = t • <"' a o o 
A tabulation of the significant parameters in eqs. (36), (38) for water 
at 1 atm. will be found in Table I, with the choice of a = .01°c/sec.* 
TABLE I. 
Parameters of the Relaxation Period 
T R cm t sec 1/ap sec 3 -g '1o/5 (l c .01 t .:>c (' ("\ 
" 
0 
102°C 1.56x10-3 7.34 x 10-4 5.05 x 10-5 1.97 -6 7.34 x 10 
104 °c .75 x 10-J 8.08 x 10-5 -6 4.48 x 10 3.30 8.08 x 
106°c .48 x 10-3 3.09 x 10-5 1.56 x 10 -6 3.71 3.09 x 
* This choice for the parameter a corresponds roughly to the rate of 
the temperature rise observed by Dergarabedian(15) in his experiments 
on bubble growth in superheated water. 
10-7 
1c1 
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Because 1/a13 << t
0
, the bubble growth appears to start abruptly near 
rather than at the time of release, t = o. 
For given initial conditions 
t = _j_ 
o a S 
I 
T p the duration 
c' oo ' 
rl /3 (3/:< 2 + 1 )] 
ln 2 x_.. 
t = t ' 0 
(39) 
of the relaxation period is completely determined by the heat source .fUnction 
q(t), i.e. by the constant )., , upon which it depends logarithmically. 
However, it is evident from Table I that the heut sour~e term (at) in 
eq. (36) becomes negligible in comparison with the other terms near the end 
of the relaxation period. From a physical standpoint, this means that at 
later times the bubble behavior is independent of the rate of increase of 
superheat which initiated the growth. 
The asymptotic formulas for the linearized eq. (25) presented above 
are accurate over a range roughly defined by 
or 
u>l 
a ' 
_L 
a /3 < t < t 0 
w << 1 , 
_ _L 
A • a;: 
Because of the smallness of "): , w(u) increases over the range by a factor 
of several powers of 10 (about 106). 
Early Phase., 
In terms of w = ln z as independent variable, eq. (23) may be 
written 
1 -w d 6 e dw 
(· W 
{ . 
Jo /u(w) - u(v) 
with the neglect of the heat source term. For small w, this reduces to 
1 d du -2 w r w dv 6 ~ (~) ~ 3 -r I ---------, 
'-' o /u ( w) - u ( v) 
(40) 
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which is satis.fied by 
u = .J_ ln(Kw) (41) 
v 
for arbitrary K, provided that 
dv 
• 
(42) 
~ v 
Since the integral has the value Jn, eq. (42) is identical with eq. (27). 
From the discussion of the relaxation period, it is clear that of the 
various roots of (42), the one to be chosen is that one which satisfies 
condition (30), v = r::- . In order to match the previous solution, eq. (32), 
we must further set 
(43) 
in (41). 
It is apparent f'rom (41) that the derivative ~~ of the solution 
u(w) of (40) has a simple pole at w = o, which suggests a solution of 
the form 
9.1! - _j_ [ 1 +aw+ a.?-+•••], dw - (5 v 1 2'" (44) 
or 
••• • 
(45) 
By substituting (44) into the integral of (40), one obt~ins* 
~ e dv J' W V / o v'u ( w) - u ( v) 
+ ~ [31/2+ 6(21/2_ 31/2)a1 + 3(1-2•23/2+ 33/2)a~ + 3(1-31/2)a2]+•••~. 
(46) 
By eq. (40) , this must equal 
* See Appendix C for the evaluation of the integral. . 
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The parameters a1 , a 2 , ••• are then found by equating the coefficients 
of corresp~nding powers of w in (46), (47). A tabulation of the first 
seven of these, for varying superheats, will be found in Table II for the 
case of water at 1 atm. external pressure. 
The time corresponding to (45) becomes 
1 rw /.3 t = - I e -4 v u 1 ( v) dv 
11 J 0 
[B (JjS 2 + 1) ' r ln I = .J_ • ,,, I + (a - ~) w ap 6):. 1 .3 
-I 
+ (a2 - ~ a1 + ~) ~2 + ... "( I , 
...) 
the logarithmic term having been chosen to match eqs. (.32), (.34). The 
temperature may be found from eq. (46). 
Asymptotic Phase. 
{48) 
During the early phase of bubble growth, characterized by the 
relaxation of surface tension, there is a rapid rise in the radial velocity 
• 
R of the bubble wall until the cooling effect of evaporation becomes 
important. The rate of bubble growth therea~er is controlled by a balance 
between the rate of evaporation and the rate of cooling it produces.* Thus, 
while the vapor cavity grows by evaporation (since the vapor velocity is 
negligible); the motion of the liquid is caused by the difference between 
internal and external pressure. However, an increase in the evaporation 
rate tends to decrease the pressure difference. 
* The effects of liquid inertia are important in determining the 
bubble growth near the time of maximum radial acceleration. In the 
asymptotic phase of bubble growth, however, the inertial term 
1 _g_ (z 7/.3 z 12) 6 dz 
in the differential equation is of smaller order than the surface tension 
term 1 This point will be retuz:ned to below. J73. 
z 
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TABLE II 
Parameters of the Early Phase of Vapor Bubble Growth 
T 
0 
oc 102 103 104 105 106 
R
0 
x 103 cm 1.558 1.019 .7507 .5901 .4832 
ax 105 sec-1 1.797 3.391 5.356 7.677 1.035 
·5 oc 1.120 1.023 .9628 .9205 .8880 
/"'- .5598 . • 3411 .2407 .1841 .1480 
/f .1101 .2632 .4168 .5340 .6177 
a1 2.0915 2.0322 1.9763 1.9456 1.9292 
a2 2.1577 2.0547 1.9463 1 .8852 1.8526 
a3 1.4633 1.3761 1.2732 1.2129 1.1807 
a4 .7359 .6864 .6224 .5831 .5620 
a5 .2946 .2722 .2427 .2236 .2132 
a6 .09858 .08945 .07886 .07143 .06728 
a7 .02857 .02510 .02205 .01960 .01819 
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Now, it is clear that the bubble must continue to grow, since a 
stationary bubble is at the temperature of liquid superheat and therefore 
has a high internal pressure. Hence, the temperature at the bubble -wall 
must continue to drop because of evaporation. But the temperature cannot 
drop belr,w the boiling point and still maintain the pressure difference 
necessary for growth. It follnws that the temperature of the bubble wall 
must approach a limit as t -+ co , and this fact is sufficient to characterize 
the asymptotic phase of bubble growth.* 
It is perhaps worthwhile to demonstrate at this point that the 
limiting temperature predicted by the mathematical model is what one would 
expect on pr.ysical grounds - the boiling temperature Tb of the liquid at 
the external pressure, for the sake of consistency and to justify statements 
made in section III above. The differential equation, with the neglect of 
the heat source term, may be written 
/'-'Ju z' (v) dv 
o Ju - v 
If the last term on the right (the inertial term**) tends to vanish as 
(49) 
u -+ co , z -+ co , then the limiting value of the temperature integral on the 
le~ side of eq. (49) is unity: 
z' dv 
vu - v 
The actual temperature is given by 
.... 1 as 
, (' u 
T = T0 - ~ J 
0 
so that by (50), 
* 
T - T 0 as 
z' dv 
Ju - v 
, 
The slow temperature rise due to irradiation is here neglected. 
The kinetic energy of the liquid is given by 
rco 
J, (-21 .'' ? v 2 ) • 4rrr2 dr = (~ ;;i a2R5 ) z 7 /3 z 1 2 • R · 9 / o 
(50) 
(51) 
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According to the definitions (22) and (5), 
and so from the definition (13) of R
0
, 
i 1 [Peg (To) - Poo] 
r =A" / • 
By eq. (15), this states that 
1 
-=T -T r o b 
(,o being con~idered a constant), and therefore, by comparison ~~th eq. (51), 
I 
T - T b as (52) 
The conclusion (52) depends on the equation of motion only to the 
extent that it follnws from the asymptotic vanishing of the inertial term. 
One can easily show, however, that the inertial term must vanish whether 
(52) holds or not, provided only that the temperature approaches some 
limit as u ~ oo. For this implies that 
z 1 dv 
-"".._""' ..... - const. Ju o v'u - v as 
Mu.1tiplication of (53) by 1 and integration from u = 0 to x vx - u 
yields, af'ter a change in the order of integration, 
Ju z'(v) dv -- ix () Jx z 1 v dv v 0 vu - v 0 du 
= 11 [ z (x) - 1 ] , - const. • 2 tfX. 
(53) 
(54) 
The vanishing of the inertial term in (49) then follows from eq. (54), which 
shows in fact that the inertial term is of a smaller order of magnitude in 
the asymptotic range than the surface tension term z-1/3. The constant 
in (54) is 1~ according to eq. (50), so that eq. (54) yields 
z(u) - _g_ Vu 11_,v. as (55) 
•' Eq. (55) describes the asymptotic bubble growth, but is not yet 
useful, since it provides no means of matching the indicated asymptotic 
solution of eq. (49) with earlier solutions. The possibility of matching 
solutions depends on the possibility of shifting the asymptotic solution 
in t (or in u) so as to account for the relaxation period of bubble 
growth. It is necessary that one be free to shift the asymptotic solution 
since the duration of the relaxation period depends completely on the choice 
of the heat source term, while the subsequent behavior of the bubble is 
independent of this term. 
The means for making an arbitrary time shift is furnished by noting 
that, in addition to the asymptotic form of solution (55), eq. (49) also 
p<"ssesses the solution z(u) = 1. Thus the complete asymptotic solution 
may be described by 
z (u) = 1 , 
~ JU Z I ( V) dV = 1 1 1 d [ 7 /3 I 2) 
./ - 173 - 6z I dU z z ' 
0 vu - v z l/j 
1 j 
From eq. (12), the time corresponding to eqs. (56) becomes 
Y. 0 < u ~ u1, a 
dv t =1 Ju :: 
a z4/3(v) 0 
u1 1 ~- u 
so that u1/a 
time shift may 
using the fact 
dv u > u1 , -+- 7:13' a a u1 z 
here represents the duration of the relaxation period. 
be introduced ex~licitly into the asymptotic solution by 
that if z(u) is a solution of eq. (56), z(u + u ) is 
0 
also a solution, with delay period (u1 - u 0 )/a. 
(56) 
(57) 
The 
A consistent scheme for continuing the asymptotic solution may be 
found by taking the solution to be of the form 
z(u) = 1 , 0 < u ~ u1, l 
- .2.. /u - u f 1 + bl + b5 I z (u) ••• + 
r 
(58) TT~ 0 ( )1/6 (u-u )5/6 u-u 
+ b6 ln(u-uo)] o 0 J u > u1, u - u , 0 
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to seven terms, where u
0 
is a constant.* When the coefficients bk have 
been determined, the difference (u1 - u0 ) is fixed by the requirement 
z(u1) = 1. The matching with earlier solutions is then accomplished by 
adjusting u •** 
0 
When (58) is substituted into the integral of (56) the result is+ 
/(.)..; J U z I ( V) dV ,., 1 + • 89266 
u 1 ,/u - v 
b1 
-----...- + • 77306 (u-u ) 1/6 
0 
( )2/6 u-u 
0 
2 1 b4 
+ (- b - .u.-) + .47545 I 
rr 3 / (u-u )3/6 (u-u )4 6 
0 0 
b5 b6 
+ .27450 - + 2 -'"°--- • 
(u-u )5/ 6 u - u 
0 0 
By eq. (56), the expression (59) is also asymptotic to 
1 - 1 - ...1._ .it [z?/J z 121 :T/3 6z 1 du • 
z 
(59) 
(60) 
This may be expanded by (58) to give , on equating coefficients of correspond-
ing powers of (u-u ) in (59), (60), a set of successive equations for the 
0 
parameters b1 , ••• , b6• At each step one has (as for the early phase 
coefficients) a linear equation for the unknown parameter. A tabulation 
of these parameters for various superheat temperatures in water at an 
external pressure of 1 atm. is given in Table III. 
The leading terms in the asymrtotic solution are 
z = (R/R )3 ""-L Vu S1 + O(u-116 ) C , 
0 TT_).A- \_ J 
t - ~ (TT:)4/J u1/J { 1 + O(u-1/6)} ' 
a2 R2 ~ 
T - T
0 
""T { 1 + O(u-1/ 6 )] • 
Higher terms are of the form [ln(u-u )]n/(u-u )k/b, where n and 
k are integers. 0 o 
* 
** 
+ 
The match is better obtained in practice by shifting the asymptotic 
R(t) curves. 
See Appendix D for the evaluation of the integral. 
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TABIE III 
Parameters of the Asymptotic Phase of Vapor Bubble Growth. 
T 
0 
oc 102 103 104 105 106 
R 
0 
x 103 cm 1.558 1.019 .7507 .5901 .4832 
ax 10-5 sec -1 1.797 3.391 5.356 7.677 1.035 
~ oc 1.120 1.023 .9628 .9205 .8880 
/ .(...(.., .5598 .3411 .2407 .1841 .1480 
b1 -1.073 - .9099 - .8101 - .7409 - .6890 
b2 - .4709 - .4624 - .7122 -1.334 -2.506 
b3 - .2339 -1.481 - .3586 - .9725 -1.972 
b4 - .5534 1.258 - .1970 -4.598 -2.510 
b5 -1. 775 3.064 4.298 18.50 65.84 
b6 - .7423 - .2670 .6166 - .4736 -48.65 
Thus 
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R .... R (i) ;gt [1 + O(t-1/2 )} , ~ TT)-'-' v' 3 
a2 R2 
T o [1 + O(t-1/ 2 )_-l ,· T- o .... ---r- _J 
or in terms of the original physical constants, 
A k(T - Tb) R .... 2 ~ ~--0~~--~-11 LP (T ) Vo / eq o 
-, 
I 
I 
J 
1 
J 
The asymptotic temperature relation has been discussed previously. The 
radius relation has also a simple physical interpretation, which may be 
given here. By differentiating the first of equations (62), one obtains 
which may also be written as 
(
T - T) 411R2 • k o ____ b 
j lT .L - Dt 
.3 . 
1 
L'/2 (T ) ' eq o 
(61) 
(62) 
In this form, one may readily recognize the heat transfer relation holding 
at the bubble wall, the right side giving the heat gain in the vapor and 
the left side giving the heat loss from the liquid. The temperature gradient 
is here expressed in terms of the ratio of the temperature drop occurring 
asymptotically at the bubble wall to the thickness of the thermal boundary 
layer in which it occurs. The particular choice ~3 Dt for the characteristic 
diffusion length could not, of course, have been predicted beforehand. 
While the leading terms of the asymptotic expansions given in 
(62) show the essential variation of the physical quantities which describe 
the bubble growth, they are of limited usefulness, and may be in error by 
as much as 40 per cent (depending on the superheat) while the bubble radius 
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is still small. Hore accurate expressions may be found by carrying out 
the time integration indicated in eq. (57) and substituting in the 
coefficients from Table III. The result of such calculations is presented 
in Fig. 3, which follows the asymptotic solutions down to a radius of 
4 x 10-3 cm for the indicated superheats in water at 1 atm. external pressure. 
Inasmuch as the duration of the relaxation period may be chosen arbitrarily 
so ~ar as these asymptotic solutions are concerned, the time scale is 
determined only to within an arbitrary adoitive constant (the constant 
u1/a mentioned above) which may vary from one curve to another. The 
actual spacing of the curves as presented was chosen so that the time inter-
cer ts at R = .004 cm were equally spaced. 
The experimental evidence available thus far covers only the 
asymptotic range of bubble growth. Observations on the growth of vapor 
bubbles in water have been made by L'ergarabedian,<15 > and are presented 
in Figs. 4,5,6, together with the theoretical predictions. The theoretical 
curves were obtained by graphical interpolation from the set of curves 
plotted in Fig. 3. The time origins for both the theoretical curves and 
the experimental points are arbitrary, so that a time translation of the 
theoretical curve has been made in each case to give the best fit. The 
agreement is seen, however, to be very good. 
The. importance of the heat transfer at the bubble wall is shown 
in Fig. 4, where the theoretical curve obtained with the neglect of this 
effect is also plotted.* The asymptotic form of this solution is readily 
obtained from eq. (1) by setting p (T) = p (T ) there. The differential 
eq eq o 
equation may be written 
with the help of the definition (13), and yields on integration from R
0 
to R, R to R, 
0 
* 
·2 • 2 ( R = R 
0 
The solution for the motion 9f a bubble under constant vapor pressure 
conditions was given by Rayleighl16) and applied by him to the case of a 
collapsing bubble, 
~ 
u 
100 
. 7 3 -
~ 521--~~~-#-~~-v-~~~-1-~~-+-i--~~-.;"-~-+~~~~~~---4 
)( 
er 
0 4 8 12 16 
t - to - MILLISEC. 
Fig. 3 - Asymptotic radius versus time curves calculated 
for water at 1 atm. external pressure and the 
indicated superheat temperature. 
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Fig. 4 - Comparison of theoretical bubble radius-time values 
with experimental values for water at 1 atm. external 
pressure, superheated to 103. 1°c. The solid curve is 
the Rayleigh growth curve, obtained by neglecting heat 
transfer effects; the dashed curve is that predicted by 
the asymptotic solution of the text, which takes heat 
transfer into account. 
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Fig. 5 - Comparison of theoretical radius-time values with 
three sets of experimental values obtained in water 
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at 1 atm. external pressure, superheated to 104. 5 C. 
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Fig. 6 - Comparison of theoretical radius-time values with 
two sets of experimental values obtained for water 
0 
at 1 atm . external pressure, superheated to 105. 3 C. 
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As R ... ex. , this gives 
which is a constant. 
Experiments have recently been performed by Dergarabedian on vapor 
bubble growth in pure cc14• If the rates of bubble growth in this liquid are 
compared with those of wate:t- ut the same value of the temperature difference 
(T
0 
- Tb) ind ut comparable tir.10s , they should bo about in the sabc ratio as 
k/L ,o n1 2 for the two liquids. This constant is 3.5 times greater in I eq 
water than in carbon tetrachloride. Dergarabedian 1s observations on bubble 
growths are in good agreement with this value. 
Intermediate Solution. 
The early phase and asymptotic solutions presented above join 
in the neighborhood of the maximum value of dz/du. vJhile the match of 
these solutions is fairly good for all superheats, it is nevertheless 
desirable to have available a solution which covers the critical region, 
to facilitate the matching process. 
The intermediate solution presented here will be an expansion 
about the point u = u1 defined by 
(63) 
Since the early phase solution is not assumed to be accurate at this point, 
the actual value of ui or z(ui) is unknown. In order to determine these 
quantities, we require that the intermediate solution and its derivative 
shall coincide with values obtained from the early phase solution at a 
point u = u where that solution is accurate. The expansion about the 
e 
inflection point ui is constructed as follows:* 
* The difficulties which arise for any such intermediate solution are 
connected with the expansion of the convolution integral in the differential 
equation. Thus, a solution about a known point (such as ue) which 
assumes the integral and all of its derivatives to be known does not 
actually make use of the information given by the differential equation, 
while a solution about a known point which uses the minimum of data necessary 
(the value of z and z 1 , say, at the point of expansion) involves about 
the same procedure as that given below. 
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Assume that z(u) has an expansion about u1 
x.3 
z(u1 + x) = Z[1 + c1x + c3 ?;" + ••• 1 
so that 2 
z 1 (ui + x) = Z[c1 + c3 ~ + ••• ], 
z"(ui + x) = Z[c3x + •••] • 
The expansions (64) are to be substituted into the differential equation 
(with the heat source term omitted) 
u + 1 1 2 _ ~ [ 1 _ 1 _ . , ( u z t ( v) dvjl zz 6 z - 4 .3 1'.3 ' ,v .. J • 
Z Z I/./ 0 /u - V 
Now, the integral in (65), evaluated at u + x, is 
Juo+x z 1 (v) dv _ Jx --!.!_(v) dv_ + Ju+x z' (v) dv /u + x - v o \/u + x - v x /u + x - v 
· u 
z 1 ( v) dv J ( _c!y_ + 
0 
zl u + x - v) 
iu + x - v IV 
(64) 
(65) 
= fox _ .... z._' .... (v......_.)d_,v_ 
vu+ x - v 
+ f_ xk Lu z (k+1 ) (u - v) _gy_ ' 
k=o I vrv-k. 
valid for sufficiently small x. But for small x, z'(x) ~ o, so that 
when (66) is valid, the first integral in (66) is negligible. Thus for 
u = u1 , 
Juoi +x __ z_' ... ( .... v ._)d ... v...__ x2 ~ 1o + I1x + 12 21 + ••• ' /u1 + x - v 
say, where 
• 
(66) 
(67) 
(68) 
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If ui were known, we could use (67) in eq. (65) to obtain, on equating 
coefficients of corresponding powers of x in (65), a set of relations 
7 2 3 1 1 6 c1 = J07J (1 - :17'3 -/""Io ' 
z z 
to solve for the parameters c1, c3 , •••. However, the 
determined. 
Since the solution to (65) is assumed known for 
let 
so that 
in (68), and set 
in the integrals. 
, u 
z (k+ 1 ) ( v) dv I e J = I k Jo \./u - v i 
1it = iui z (k+ 1 ) ! v l dv 
Ju - v e i 
1k = Jk + 1it 
d =u -u, i e c=u -v i 
Then in L , for instance, 
0 
, 
(69) 
1k are not yet 
u < u , u < u1 , 
- e e 
(70) 
(71) 
(72) 
(73) 
z 1 (v) = z 1 (u1 - c) = Z(c1 + t c3 c2 + •••), 
Thus 
and similarly 
z 1 (v) dv 
vui -v 
I 1 =J1 (o)+2Z ff (-t ci~' + ... ), ••• (74) 
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may be found if z, c1 , c3 , ••• , and J are known. The feasibility of 
this procedure depends on the fact that a good estimate of S is already 
available from the early phase solution, and that the 
Jk Cc~- ) = j _ue z (k+1) (v) dv 
0 vu + J - v e 
are slowly varying functions of J • This follows from the relation 
(k+1 ) ( ) 
d z ue 
d 6 Jk«f) = Jk+1 ( ~) - Vl , 
since in the early phase z(k+1) << z(k). 
Assuming that the contributions to I 0 , I 1 
of 6 than those written in (74) may be ne~lected, we 
expansions as written and substitute them into (69). 
conditions 
from higher powers 
terminate the 
Together with the 
z(ue) = Z(1 - c1 ~· -i c3 d' 3 ), 
z I (ue) = Z (c1 + ~ c3 J 2) 
from (64), the equations 
~ c~ = z1813 {-'1 - z1n ~[Jo(a) + 2z0 <c, + ,,o c3J-2)]J 
c3 = z16/3 [c-4 + z173' c, - Y.[J,CSJ + 2Z/J (- ~ c3b )] 
+ 4/-c1[J0 (8) + 2Z /l (c1 + 110 c3S 2)]} 
1 
(75) 
(76) 
constitute a system of four simultaneous equations for the four unknowns 
Z, c1 , c3 , S • Inasmuch as one and only one point of inflection of z (u) 
is known to exist, these equations have a unique solution. 
It should be noted that because of the definitions of u and 
z, the maximum radial velocity R of the bubble wall does not occur at 
the same value of u (or t) as the maximum value of z 1 ( u). The discrepancy 
is not great for small superheats, but for larger superheats the point defined 
by R = 0 moves onto the asymptotic end of the z(u) curve. 
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Solution for the Expanding Bubble. 
The results of the above theory for water at initial temperatures 
T = 103, 106°c and external pressure p = 1 atm. have been plotted in 
0 ~ 
Figs. 7, 8, and 9, 10. The bubble was taken to be in equilibrium at 
time t = 0 when the heat source q(t) is introduced; q(t) was 
0 
arbitrarily chosen to correspond to a temperature rise of 1 C in 100 sec 
in the water far from the bubble.* 
* See the footnote on page 61. 
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The Collapsing Vapor Bubble. 
Because of the large temperature variations which occur when a 
vapor bubble collapses in water below the boiling temperature; a simple 
analytic expression for the vapor pressure or vapor density variations 
cannot be found. If we take our data from equilibrium vapor pressure and 
density tables, we commit the treatment of the problem to a numerical one 
from the beginning. 
The system of equations to be solved, eqs. (7)-(11), is unchanged. 
In this case, however, the vapor pressure at the initial temperature T0 
is less than the external pressure, and initial conditions of dynamic 
equilibrium cannot prevail for the pure vapor bubble. There is therefore 
no need to retain the heat source term in eq. (9), and we shall put 
q(t) = o. We continue to assume that initially the vapor bubble and 
surrounding liquid are in thermal equilibrium at temperature T • 
0 
It is convenient to transform the temperature equation. By 
multiplying eq. (9) by (x - u)-1/ 2 and integrating it from u = 0 to x, 
one obtains, after an integration by parts, the relation 
where 
~ (u) z(u) ..:.. 1 = -L 1 ·u 91 (v) ~ dv, 
) TJ~ 0 
9=T-T. 
0 
The system of equations to be solved becomes 
1 d 7/3 2 1 
- - [z z 1 1 + -;;-7;: + ¢ - 0 6 dz _ 113 - ' 
z 
¢ = ¢(e), 
J·u 0 0 I {u.-:::V dv, 
z(O) = 1, z'(O) = o, 0(0) = o. 
) 
I 
l 
~ (77) 
I 
l 
(78) 
- 85 .... 
The system (?8) was solved numerically for initial temperature 
T
0 
= 22°c, external pressure p
00 
= .544 atm., and initial bubble radius 
(which is undetermined for the non-equilibrium bubble) R
0 
= .25 cm. The 
method of solution is given in Appendix E. The particular initial data 
chosen here correspond to values which have been obtained experimentally.* 
Although the temperature effects become significant during the 
collapse, the dynamics of the particular bubble considered here differs very 
little f'rom that predicted by the Rayleigh solution of the problem (16) over 
most of the collapse. The Rayleigh solution, which neglects heat transfer 
effects, is readily obtainable from (78) under the assumption that ¢ 
stays constant, and equal to ¢(T
0
). The equation of motion is 
~ d~ [z? /3 z I 2] + Z 1 }3 + ¢ 0 = Q' 
z(0)=1, z'(O)=O, 
which yields 
1 z?/3 z'2 = d (1 - z) + 2 (1 - z2/3) 6 Po 2 (?9) 
on integration. Since 
R . 3 
¢0 = 2~ [p QO -peq(T0 )] ... 2 x 1 O 
is much larger than 3/2, eq. (?9) may be approximated by 
1 z7/3 z'2 d (1 ) 6 = Po - z ' 
or 
z' = -V6¢:" • z-7/6 v'1 
0 - z 
, 
·.rhere the negative square root of z-;2 must be chosen to cnrrespond to the 
collapsing bubble. From eq. (12), 
which yields 
t - 1 1 
a1~ z 
0 
1 
d!?'o 8 16 
-· = a z /' zl dt aJ6¢':' • z1/6 (1 - z)1/2, 0 
x -1/6 dx Ro ff 
= ~-----~~~~---J 1 - x ·v'6T'P: - p (T )] 
oo oq o 
r 1 
~R/R )3 
0 
x-1/6dx 
v1 - x 
The experiments, performed at the Hydrodynamics Iaboz:o.tory of ,the 
California Institute of Tecnnology, were reported by :1.S,. Plesset in 
ref. (13). ,J 
(80) 
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on integration. The time corresponding to the full system (78) was found 
by a numerical integration of the relation 
t = ~ Ju dv 
o z4f3 (v) 
using the values of z obtained from the numerical solution of (78). 
A comparison of the two solutions for the collapsing bubble is 
given in Fig. 11. The magnitude of the radial velocity of the h\lbble wall 
oetained from the numerical solution is plotted in Fig. 12, and the 
corresponding temperature at the bubble wall in Fig. 13. The numerical 
solution was not carried out farther than shown in Figs. 12 or 13, because 
of the breakdown of the assumptions underlying the theory presented here: 
the parameters L, ;4• D, etc. begin t~ vary significantly near the end 
of collapse, the liquid velocity becomes so large that compressibility 
effects may become important in the liquid, and the spherical bubble shape 
becomes unstable to small distorting influences. 
~ 
u 
I 
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Fig. 11 - Comparison ~f the numerical solution of the text (which 
includes heat transfer effects} with the Rayleigh solution 
{whiCh neglects heat transfer effects} for a vapor bubble 
of initial radius . 25 cm, collapsing in water at 22°c and 
an external pressure . 544 atm. 
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APPENDIX 
A. List cf Physical Constants. 
The tables below give representative values taken from E.N. Dc:rsey, 
Properties of Ordinary Water-Substance (Reinhold Publishing Corporation, 
New York, 1940). Values for the vapor are uncertain (experimentally)in the 
third significant figure and are eomewhat dependent on pressure; those cited 
correspond to pressures of 1 atm. or below. Values for the liquid have been 
arbitrarily limited to four significant figures. 
Water Vapor 
T 0 c 0 100 
7( x 1 o4 gm/cm • sec .884 1-26 
2.38 
1.41 
5.98 
k 10-3 I . oc x erg cm • sec 
c x 10-7 erg/gm • 0 c 
v 
LJ x 104 gm/cc / eq 
D (= k/;O c) cm2/sec ; eq V 
1.39 
Gas constant per gm. of water vapor: 
.282 
B = 1.386 x 107 erg/gm • cc. 
T 0 c 
!zx 103 gm/cm• sec 
k x 10-4 erg/cm • sec 
c x 10-7 erg/gm • 0 c 
v -10 L x 10 erg/gm 
/ gm/cc 
? x 104 gm/cc 
eq -6 2 
p x 10 dynes/cm eq 
udynes/cm 
Water 
0 
17.94 
•
0
c I 5.54 
4.215 
2.500 
.9999 
.0485 
.006107 
50 100 
5 .49 2.84 
6.43 6.80 
4.015 J.757 
2.382 2.256 
.9880 .9583 
.8302 5 .977 
.1233 1.013 
67.9 58.8 
D(= k/~cv) x 103 cm2/sec 
75.6 
1.31 1.62 1.89 
150 
1.44 
2.68 
1.42 
150 
1 .. 86 
6.85 
2.114 
25.48 
4.760 
200 
1.62 
.3.03 
1.45 
200 
1 • .36 
6.66 
1.940 
78.62 
15.55 
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B. Evaluation of the Diffusion Integrals III(47b), (47c). 
In terms of the new variable 
the integral III(47b) 
I (). ) =,A (o1 dx Jc V1-=-i 
becomes 
t=1-v'i, 
1 + ft 
{a) 
(b) 
I(A) = 2A fJo1 H_ e -)_ 2t ~ - Jr1 1-t e - ~2 \~t ') • (c) 
( (1+t)2 It 0 (1+t)2 /T. J 
The f\lrther substitution t = 1/x in the second integral gives 
).2 
11 1-t e - t ;tt = Jri1 oo 0 (1+t)2 v" 
and therefore 
Since 
1 
2 .A I(/d 
1-t 
(1+t)2 
= [1 + d ] 
d( )\2) 
1 _ 100 -(1+t)x d 
-----2 - e x x, (1+t) 0 
the integral in (d) may also be written 
l oo - /.2t dt Jr oo -(1+t)x dx Joo e - e x = 0 Vt 0 0 
x-1 
(1+x)2 
dt 
(1+t)2 Jt • 
-x dx j 00 -(x+)l2 )t dt 
e x e -
0 It 
= lr oo -x 5 e x 2 dx, vo x + ,\_ 
(d) 
(e) 
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after a change in the order of integration. By putting y = x +). 2 , one 
obtains after an integration by parts 
= Jir 
The use of (f) for the integral in (d) then gives 
2 r 00 
x j -y~ e e , 
t Ii 
or 
The asymptotic formulas for I(A) follow f'rom the relations 
erfc()I) "' 1 - ~ (1 
Vil 
)..2 ')\4 
--+--···], 3 10 
The integral III(47c) 
{~ - )? [ l::.Li] I ( )J = A (o1 dx e 1 + /X. ) (1 ,!1=X 
.A ... o. 
(f) 
(g) 
(h) 
1-x + ...L _ 1 
4A 2x Vi e erfc [ ...L {f;i_ +,A ~ J} 2)\vx J~
(i) 
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may be trans£ormed by the substitution 
t=/- ./X 
1 + IX 
-1 I(~) = 4 ').. ) 
t ]2 [.At + ------
- ~ .,.1_ e ). (1-t2) 
7' 1-t2 0 
X erfc 
For A << 1 , t < A , 
t t 2 >-.t+---------- =-+o(). ), 
>c1 - t 2> /\ 
and the brace in (k) becomes 
(j) 
(k) 
(1) 
As t in (k) increases beyond ~ , the brace in (k) drops rapidly to zero 
(A<< 1 ). But from eq. (h), 
2 
1 - Vn (~) e(t/,A)2 erfc(~) ""~ ~ as t-+ 1, /\ << 1, 
so that for small .A the approximate expression (1) differs from the 
brace in (k) only in 0 ( A 2 ) for the full range of t. Since the factor 
outside the brace is unity to 0()..2 ) when t ~A. , an approximation 
to the integral which is valid to terms of relative order A 2 is 
r, \' t <ti .\ )2 t J 
4 A J 0 dt l 1 - Vil (A) e /' erfc ( \) 
= 4A - 2A 2 /IT f e1/J., 2 erfc(l) - 1 + 2 }· 
l )\ "Vrr 
- 9.3 -
Hence, by (h) again, 
I()..),... 2 vrr )_ 2 [1 - ~ + oC)?)] 
Yn 
as A ... o. (m) 
For large A the brace in (k) remains near unity until t = 1 - 0 ( 1 //\ 2 ), 
so that the dominant factor in the integral is e-)2t 2 • It is convenient, 
therefore, to put 
t u=-~-
1 - t 2 , 
x=.At+1L ). (n) 
in (k), and write the integral as 
f 1 2 >..2 2 ( ' 2 J-I()..)= 4).. <1;t2 ) e- t dt ~ 1 - Vrr ~ ex erfc(x) , 
0 (1+t ) l 
(o) 
- >i2t2 
In the region where e is still large, u is of order 1/A. 
and x is of order unity. Thus in this region, we may expand 
00 k 
erfc(x) = erfc( A.t + ~) = erfc(A t) - _g_ L_ (1!.) 
d k-1 [<a;) 2 . -s J e s=1t 
/\ Vrr k=1 ).. kl 
2 -)?t2 u 2 
= erfcC\t) - - e [ (-) - :At(~) + vn A I\ 
. . . ] , 
so that 
2 
v'rr 1!. ex erfc(x) 
"A 
2; 2 t• 2 2 
_ u 2ut + u ).. r- .::\ t f ( 1 t ) 
- 5 e v rr e er c /\. 
u u 2 ( 
- 2 [ < 5') - ) t < )! + • • • l j . 
By expanding u and the algebraic term in (o) in powers of s = ) t 
and combining terms, one obtains finally a relation 
A 2 iA 2 2 I(,).J ""4 l -s ds - _1z_ -s [vu s erfc(s) + Js2J ds e e se )..2 
+ _1z_ f 2 [5s4 + 2s2J ds + 0(1/ A 6 ) · • -s A.4 e 
(p·) 
(q) 
(r) 
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The error involved in extending the integrals of (r) to s = cio , rather 
than s = A. , is of order e- A2 , and so does not change the asymptotic 
expansion indicated by (r)~ By evaluating the integrals in (r), one finds 
I()J ~ 2 vn (1 - ..L + _.12.._ + O(_L)]. (s) 
/\2 4 >..4 ).6 
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c. Ear].y Phase Temperature Integral IV(46). 
The substitution of the expansion 
... } (a) 
into the temperature integral IV(40) 
rw v J~, WV e dv e dv r =/w / Jo 
./u(w) - u(v) /u(w) - u(wv) 
(b) 
yields 
WV 
vt f e dv rw j 1n * + a1w(1 a2 w2(1 2 - v) + - - v ) + ••• 2 
Vi; 11 dv 
r 0 Jin 1 
v 
2 2 J 
[ 
1 +WV+ W 2V + ••• 
/~--~~~1---v--) __ a_2 ___ 2_(_1--v-2~)-------1 + a1w( ln 1/v + 2"" w ln 1/v + ••• 
dv 1. + w 
(ln 1/v) 1/ 2j 
v(1-v) dv + l a2 
(ln 1/v)3/ 2 4 1 
_ a
2
2 ;
0
-
1 (1-v 2) dv l ] 
(ln 1/v)3/ 2 J + ••• ' 
valid for euff'iciently small w. 
Now, for Re(r), Re(s) > o, 
r1 1 1 s-1 -s 
Vr- (ln -) ( ) J dv = r r s • 0 v 
2 (1-v) dv 
(ln 1/v )5/ 2 
(c) 
(d) 
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Consider a typical integral in (c), for example that appearing in the 
coefficient of a1 within the second bracket, 
I = i 1 { 1-v) dv 
(ln 1)3/2 
v 
If the exponent of the ln 1 factor were instead 1-s, then for 
v 
Re (s) > o, eq. (d) would give for I 
11 1 s-1 1 s (1-v) (ln ;> dv = [1 .. <2> 1 r(s). 0 
(e) 
(f) 
But it is readily verified that both sides of eq. (f) are regular functions 
of the complex variable s for Re(s) > -1, the singularity at s = 0 
being only apparent. Therefore, by the theory of analytic continuation, 
the equality (f) remains valid for Re(s) > -1. In particular, for s = - 1/2, 
(f) gives 
I= [1 - 21/ 21 r(-1/2). (g) 
The other integrals appearing in (c) may be similarly evaluted. 
From eqs. (c), (d) one thus obtains 
Jw ev dv r o _V_u __ ( __ w __ J--_~---u-( v-)-
= M. w i/E \ r(l) + w[2-1l 2 r(l) - 1r(-1) (1 - 2112 ) a l / r(_ 2 2 2 2 1 
+ w
2 [3-1/2 r(l) _ r(- 1)(21/2_ 31/2)a + l r(- l)(1 _ 2•23/2+ 33/2)a2 2 2 2 1 4 2 1 
- ~ r(~) (1 - 3112 ) a2 ) + •••] , (h) 
which reduces to eq. IV(46) on evaluating the gumma. functions. 
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D. Asymptotic Phase Temoerature Integral IV(59). 
By differentiating eq. IV(58) 
z (u) 2 ,..._ Vu-u 
0 ( )176 + u-u 
0 
••• 
b5 ln(u-u0 )J 
+ 5/6 + b6 u-u • (u-u ) o 
0 
(a) 
and substituting into the temperature integral IV(59) there results after 
a change of variable, 
z 1 (v) dv ,...1 
v;:-::-; TT j 
.. 1 
u -u 
(-1.....2) 
u-u 
0 
dv 
+ 0 - ~ 
v 
- 1 [ln v + ln(u-u ) - 2] 
v 0 [~] }· (b) 
Tne terms in (b), except for the last one, yield hypergeometric-
type integrals (incomplete Beta functions) 
11 s-1 d 1 1 s 1 · ] I (x) = v v = - [F(-, s; s+1; 1) - x F(2, s; s+1; x); s x v'1 - v s 2 
1 
r(2) r(s) 
r(s + ~) 
1 s 
--x 
s 
as + x ... 0 , 
(c) 
(d) 
valid for 0 < x < 1, Re(s) > O. Hence, by the theory of analytic 
continuation, (c) is valid provided only that 0 < x < 1 9 s ~ O, -1, -2, ••• , 
and (d) holds when Re(s) > -1, 0 < x < ~~ For s = O, (d) is meaningless, 
but may be defined by a limiting procedure. By differentiating (d) with 
respect to s at s = - ~ , one readily finds 
11 ln v dv 2 + / - - 2rr + - (2 + 1n x] as x ... O • x v3 2 \1"1-V Vx (e) 
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Thus eqs. (d), (e) give for (b) 
z 1 (v) dv 
ru-=v 
( )2/6 u-u 
0 
after a rearrangement, several terms cancelling. By comparison with eq. (a), 
the last group of terms in (f) is simply 
since by assumption z(u1) = 1. F.q. (f) reduces to eq. IV(59) of the 
text upon evaluation of the gamma functions. 
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E. }lumerical Solution for the Collapsing Bubble. 
The system IV(78) may be written 
zz" 7 ,2 3 [ 1 ¢1 = o, (a) + 6 z + 4/3 -=-m + 
z z 
¢=¢(9), (b) 
Sz - 1 2 Ju =TT ~ 0 9'(v) vu - v dv, (c) 
5 = ~ (e); (d) 
z = 1, z 1 = o, 9 = o, at u = o. (e) 
In order to obtain a scheme for numerical integration, subdivide the range 
of values of u into intervals defined by the points 
0 = u < u < ••• < u. < 
0 1- -x- • • • < u < u < •••• 
- n n+1 
The intervals corresponding to (f) are in general not equal, but chosen 
as the integration proceeds. For convenience write 
and assume that zk = z(~), ek = 9(~), 
are kno'W!l for 0 ~ k ~ n. 
(f) 
(g) 
If the interval ~+1 - ~ is sufficiently short, 9 1 (u) within 
the interval may be approximated by 
9k+1 - 9k 
'\J = • 
k ~+1 - ~ (h) 
The integral in (c) evaluated at the point u = u 1 may then be estimated as n+ 
Jun+1 91 (v) v'un+1 0 yun+1 - v dv 
(i) 
Define 
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I = O, 
0 
Then according to eqs. (i), (j) and (g), eq. (c) at u = un+l 
f n+1 zn+1 - 1· = 1n + ~TT1 (9n+1 - 9n) • 
(j) 
becomes 
(k) 
The value of ~ n+1 in (k) may be ~stimated in terms of en+1 by an 
expansion of ~ about a value e = e near en+1 which uses equilibrium 
vapor density data, say 
Thus, for the first few steps of integration, e = o, and so r = 1 
initially. The temperature integral relation (k) becomes 
zn+1 ~ (1 + d (e - e) + d (e - e)2 + ••• ] ) 1 n+1 2 n+1 
= 1 + I + ~ [ (e - e) - (e - 9)1, 
n 3TT '5 n+1 n · 
in which the only unknowns are 9n+1 and zn+1 • Eq. (m) is most easily 
solved for en+1 by an iteration procedure based on an alternative form 
Of (m), 
(en+1 - 9) = 
• 
(m) 
(n) 
To obtain 2n+1 , the differential equation must be used. 
u = u , make the approximations 
At each 
point 
n 
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= z" n ; 
- 1 z"(u -2u +u >] , 2 n n+1 n n-1 
:: z' • n 
With these approximations, the formula 
(u - u )2 
z(u) = z + (u - u ) z' + --2---n- z" n n n n 
(o) 
is exact for u = un_1 , un' un+1• ~hen (un - un_1) equals h = (un+1 - un)' 
eqs. (o) give 
z - z 
1 _ n+1 n-1 Zn - 2h ' 
z - 2z + z 
z" = n+1 n n-1 
n h2 ' 
so that the differential equation (a) at 
difference equation 
u=u 
n 
is approximated by the 
[ 2 !& 2 g4, 72 h
2 
1 d ) J 
+ (zn-1 - 7 zn + 7 zn zn-1) + 4/3 (=17'3 + Pn 
7z z 
n n 
= o. 
Given en' eq. (q) may be solved for the positive root z0+1 ' ¢n =¢(en) 
being known from equilibrium vapor pressure data. 
(p) 
(q) 
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In order to keep the differences in z and 0 small and ensure 
that a positive root zn+1 of the difference equation (q) exists, it 
becomes necessary to decrease h as the numerical integrati<'Tl proceeds. 
At the step where a new value of h is introduced, the approximations 
(o) rather than (p) must be used. The difference equation which applies 
at that step is therefore not (q), but one obtainable from (o). 
To start the integration, a fictitious point u_1 = - u1 
is used. Corresponding to the initial condition z 1 (0) = 0 and the 
approximation (p), one must 
difference equation (q) for 
2 
then choose z_1 = z1• Since z0 = 1, the 
n = 0 simplifies to the linear equation 
z1 = 1 - 3~ (1 + ¢0) (¢ = ¢(e ) = ¢(0)). 0 0 
The temperature equation becomes 
z - 1 1 
for n = O, since I = 0 = 9 = O, E = 1. For sufficiently small h, 
0 0 ) 
eq. (s) may be approximated by 
z - 1 1 
• 
It should be noted that ~, a1, a2 , ••• depend on e, and 
change with each new expansion of ~ (0). Because these parameters, 
(r) 
(s) 
(t) 
as well as h, may be constant over several steps of integration, we have 
not given them indices which depend on u (i.e. on n). 
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